or

[=]
2E . m

1o

T 31 3TdhetsT

(Limits and Derivatives)

“*With the Calculus as a key, Mathematics can be successfully applied to the
explanation of the course of Nature — WHITEHEAD <%

13.1 9t (Introduction)

Tg A Fel HI Th AR 71 Fold 0 Sl 9 @
2 fored gerd: wia | figen o afads 9 ®ord o o9 o e
et IREde T STeEe fReT S §1 TR 6 TS
(Irfoek ®9 | IR foRT foT) Fesgs@ s (Intuitive
idea) YA €| TR BH HIHT hT FESt e 1 AR wen
o TSI h1 S STEAAT R4 S0 o8 8§ SToharst i
R o foTu agw S SR STesherst & SISHI o6
FO AT DU BH FS ORI AE Bl o STaThers |
piscaul

13.2 aweTSll AT WESTHd Se

Sir Issac Newton
(1642-1727 A.D.)

(Intuitive Idea of Derivatives)
iferer T A erHiTEd TR © o fie T wEi/e= Teer 9 iRt ¢ Tohel § 4.97
HieX S 77 Fel © 1l e g Hex | 7 w1 T g (s) Hohel | AY T THA (1)
o Th Hed o BT H s=49° 9 § T B

G FROT 13,1 H T @/ 9 9 iR U uw fUe & dehel ¥ fafv=
THE (1) R WX T q H O (5) M 2

T afiehsl ¥ WA 1 =2 Uehe W Y8 o1 a7 A T €1 Sevd B W HEN o
TgaH o fU 1 =2 Yohe W A T e fafae Tuaiael W /e o 91 ST T
T SN M H € fF 389 r=2Uche R I & IR H S THE TR
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t=1 3R t=1,% o9 WA A 1=1 3R =1, Ghel ot 13.1
o = T H T T B (4,—1,) W A A T B ; S
1 o7: go 2 WSl | WA o 5 5
1 49
_ 1, =0 3R 1, =2 S qTIHI T > LS
HEAAT (1, 1)) 18 15,876
1.9 17.689
= M:%wﬂ/@r 1.95 18.63225
(2-0)% 2 19.6
T UER, =13 =2 &= WA AT 2.05 20.59225
2.1 21.609
= (19(-2:—;‘)-9@?‘4?:14.@/@ 22 23.716
2.5 30.625
Tt TR fafae o faur =1 3R =2 = &\ 3 44.1
e o o1 GRehe ] ol FEfaiad grof 13.2, 4 78.4
t=1 Wohel 3R ¢ =2 Tehel o T X U Hohe
o Hqrem 9 (v) =R
WRUMT13.2
‘) 0 ] 1.5 1.8 1.9 1.95 1.99
v 98 | 147 | 1715 | 1862 | 19.11 | 19355 | 19.551

TH RN W eH deiiehd hd © foh WIe o ¥R-oR 9g W 1 SE-S r=2
W FHE B ATl GEAiAUeiR] SR S S € 8H 2@ € o 1= 2 T B9 a7 1 U
A TSl Sl F U 2| ST KA € 5 1.99 Tehe IR 2 Yohg oF i P YA
o A W dl BW e freberd ® R 1= 2 Uehe W WA 9 19.55 WA @ g ety

% Tl

78 frend @i Frefafaa sifiererl & wq=ea 9 fofad oo e 81 =2 9e%s
¥ YR Y gL fafay graiaue ® wea 3 w1 qRehe SISl ga i Aifd 1= 2 Hehe

SR 1 =1, Wohe o o= WA I (v)

_2%FE SR, T AT F

)
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_t,TheH T H gl — 2WheH 9@ w I
- 1, =2

_ t,UelH T & - 196

- t,—2

et Troft 13.3, 1= 2 Fehel 3R 1, Hohe o o HieX ufq Febe o A A
v 3 2

H|RUT13.3
t 4 3 25 22 2.1 2.05 2.01

2

12 294 | 245 |22.05| 20.58 | 20.09| 19.845 | 19.649

IEl OA: T9 oA 3 © T AfE 8W 1= 2, W URY S U TR SHAEl i old
S & A eH r=2 W o 1 A st Y B )

STFehel o 9o H=ad § 89 1= 2 T HATK 8H olcl d&d THar-=ael | A
T T R © SR 99 T &1 ¥ fR 1= 2T fhfaq 7@ w9 ety we 7w
stfeRel oh gt T=ed H r=2 T 31d BF aTcl =ed qHFaual § 71 o T R
2 3R 9 e 1 ® T 1=2 & a0 9% B e s 7 W) fays ®9 9
RfFRTT SMIR W WL 37 & F IHI HA Teh THE W R wg=r =ifew g9 fafvea
w9 4 froad frebred € foF 1= 2 W fag %1 971 19.551 H/A 3R 19.649 WA 5 <=
B Al ®Y ¥ BH HE Ghd B
foF =2 W dwlas am 19551 A 52491
HA 3R 19.649 WA, o T Bl fomemmmmemaaaaas /B,
S R et TR 9 © f o g -
o e i R T T BEA S
fromfeq  foran, o f=fateaa 2 % ------------- &
“forferer aor W h H aftadd H1 ST %, :
1 A ol 81 8 hed § Th

W He s =492H =2 T  fpauua-f00 00 - --1C

RS 19.551 3R 19.649 % o= X .o

: ” . . >t
ﬁ%l (0} / 2 2+tz 2+t1 HOT-3T

TH W Ht UfRA H TH
foeren fafy smefa 13.1 & swiig w6 SRR 13.1
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21 98 9 THA (1) W T & RmR 9 fig w1 @t (5) # o B SE-o
T o SFA b, by, ..., BT HE Y FT AR SR B 7 9 & WA A ok
ST B T 9t T B ® S

ClBl CZBZ C3B3

AC,  AC, AC,
% TG o STTHA FI BN ¢, Sl CB,=s, -5, T8 T € S fie T
h,=AC,H T HI T, TAM| TP 13.1 9 =7 frehd frsver giafea & & 7 g
FT STIHT I ok 6 A T TIERET ok @l i IR SHE Bl T W v H, 1=2
g R fi a1 dichifeh o7 9% s =4.92% =2 W W & &l o GHH T

13.3 9T (Limits)
Sude fad=q 39 qe &1 @R Tyedan ffde o @ fF ed " @ gfeer eIk
Hfeh T &Y ¥ GHIH 1 AEYIRT 21 BH GiH 1 eheud § uifad 8F ok fou
T@‘@T@?ﬁ (illustrations) <pT ST S B
wA fx) = ¥R e FIGY eedew HiNT fr S9-S9 x H I h
ek Fehe A =4 €, fx) &1 8F St 0 1 SR SEL a1 Sl €1 (3W SR 2.10
sreAT 2) T wed & lim f(x)=0
(T f(x) ! G YA R, S ¢ YA HT AR SAUER Bl €, TG Sl §) f(x) BTG,
e x Y 1 SR STEL ST ], 1 UH THA S 9 x = 0 f(x) 1 OF H1 =6
Mk &G W S x —> a, f(x) — [, T [ B £(x) i G el Sl © SR

T 30 FHR foran s g lim S (x) =1,

Tl g(x) =Ixd, x +0 W fo=ar =ifs) WWW@)(O)W&WW%I)C&
0 o 3Tfeeh fehe | o ToTT g(x) oF W o1 Ufishel hid o Tolq 8H <@ ¢ T

g(x) T AN 0 FT SR SEL I 2| 3@ M o) = 0.x 20 faw y=1d
AoE § I8 Fesdl § T Bl Bl (W 3Tl 2.13 1A 2)

2_
frefafad wem W faEr Fiw: A(x)=> 24,x¢2.
o

x % 2 o IrAfus fe Ol (AfA 2 &) o fau a(x) o AF 1 ufeem
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FHIY| A9 Wl WepR FAET fF gt 7am
4 & fre 21 FT (STpfa 13.2) § U wed
y=h(x)a?mﬂﬁwaﬂﬁ@mﬁ?&ﬁ
o foerar =1

T Tt Tl § T QU AM x = ¢ W Hed
% S HM TSI HR A AMfeT o aRad B 39 W
i 7t © T x 9 @ 1 SR SRR B B
Waﬁqﬁﬁxﬁmaﬁ@?w@ﬁ
o forw =1 o = i) o <€ IR €, Fufq x ok
e gfi AR @ oW FHE R © A a W
Afersk &1 Tehd €1 THY Tfosh w9 9 < G
— a¢ &7 w1 Wi SR W uey Y S Uia Bt
21 e £ ok <10 &1 i T f(x) T 9€ TH €

>

0.4)

0.2)

/

pa
X'€

20 O 2,0)
v
Y!
3TTeRfa 13.2

S f(x) oh HH W SR Bl 8 W6 x, o o SIS SR SHEL il §1 3H YehR o1 9eT i
Tl 3Heh gwid o folu, weM W faer #ifse

1, <0
f(x):{z i>0

3epia 13.3 § 59 o w1 Seid <0 T ® TE

Y
N

y=fx)
0,2)

W B fh 0 W fH AF x<0%h @ f(x) o w4 9 —2(0,1)

W Fel e € S TR 1 o wEE R et I W F(0)

X' € >X
and way =t Hm m f(0=12) g2t gm0 W £ & A v
x> 0 o fou f(x) o 71 W R = 7, 2 € @1fq 0 ¥
% 1 we e m S () =2 @) g feafy F and ol 3MeRfe 13.3

T e w1 HE f=-fa € iR oT: ¥9 e Wehd € T W9 x Y HT SR SRR
B € TS £ (x) H1 W1 AR 21 (Wl € e 0 W aRwid 21)

QT

%ﬁaﬁﬁ%ﬁﬁ)}fg f(x), x=a ™ f(x) 1 U (expected) oM &, f x &
o 3R fehe 9l o foIT £(x) 1 7 KT €1 36 99 &1 g W £(x) 1 o0 gL

I T FEd
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T Fed € ff lim f(), x=a R f(0) 1 o7ifem 71 2 569 xF o W

3R o Fere WMl o foIT f(x) o A KT &1 58 99 il W £(x) HI Q987
i wEd B

fg g SR 9Td uey i W Gl 8 9l 89 36 SHARTS WH &l x=a W f(x)
*! " Fed € i W M fy) ¥ fefm ww @

Zl'&‘(?(l'i'ﬁ?ﬂﬁqﬁﬁwmﬁﬁﬁﬁww%ﬁx=aﬂf@)
1 i iR 2

EgETT-[ 1 (IMlustration 1) %eid ﬂx):x+10ﬂﬁaﬂaﬁml€ﬂx=5ﬂwﬁ'{:ﬁm
A AT AR Y, T 5 oh 3TAd e x o Al oh fAT £ o A 61 IRehad &l
5 o TeIa e o1 R o 605 4.9, 4.95, 4.994, 4.995... TS €1 37 faigafl W fx)
% HH 9 GRoiEg 21 59 TR, 5 o 37d e iR €% 3R arafas 9@ 5.001,
5.01, 5.1« 21 27 foigetil W off wer o 7F AR 13.4 H fRu &)

H|RUT 13.4
x 49 | 495 | 499 | 4.995 5.001 5.01 5.1
fx)| 149| 1495| 1499 | 14995 | 15.001| 15.01 15.1

ARl 13.4 9 &9 i e € R fx) 1 99 14.995 9 w21 3R 15.001 9 Bia
®, 78 Houl Hid gU TR x = 4.995 X 5.001 o &9 Fw AHAIIE ST SAfed 7 8|
€ KUl HET qehETd € Toh 5 o o1 AR 1 WEAst & ol x = 5 f(x) H AE

15 & s1erfq lim f (x)=15
THl YR, W@ x, 5 o € AN SWEL BNl ], £ 1 WA 15 AT WIEY 7
lim f(x)=15

x—5"

Iq: I G4 B o £ o oTd get 1 Hien oI Srd uet et Wi, S 15 o aReR
g1 W TR
lim f (x)= lim f (x) =lim f (x) =15

x—5" x5

M1 15 o 9eR BM o aR | I8 fT5hY %o oF STeid Sl 3Tehtd 2.9(ii) ST 2
T feon €, 1 et fopfea o1 a1 €1 3@ o7ehfa o g9 o4 3d ® fh S-S x, 5
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oA A IE AR A AR AR SR &, Fe f(x) = x + 10 1 7@ 65 (5, 15) &l
N S BIAT S 81 B9 @A § TR x=5 W i WoeH 1 WA 15 o S
Bl 2

TR 2 T f(x) = x* T f=R FISW 3T H x = 1 N 30 Fod &1 GH J0 HH
ST JATE 3| Goad! Eafd T T 9&d ¢ 8H 1% 1 oh fehe AHI oF AT fix) o AH1
%! RUfieg Hd 21 3 GRON 13.5 § femn e R

RO 13.5

X 0.9 0.99 0.999 1.001 1.01 1.1

fx) | 0.729] 0.970299 | 0.997002999 ( 1.003003001 | 1.030301 | 1.331

TH 9RO G B A o € foh x= 1 W £ 1 JH 0.997002999 W Sifiren 3R
1.003003001 ¥ %4 ®, 78 Hewdl w L fF x = 0.999 3 1.001. & = P
YT ST Sifed 7 | 8 WA GehGid € foh x=1 1 | | o 1 3R 1 Gemsh
W ARk e @ ereriq

lim f(x)=1

x—1

Tl YR, W@ x, 1 °oh <E AN SWEL Bl ®, A £ 1 A 1 Bl WIE S7eiq
lim f(x)=1

x—1*

3, 98 G9eT © TR ard et w1 €A SR S ue k) e gFl 1 oh auel Bl
T TR

lim f (x) = lim f (x) =lim f (x) =1
T 1 o UeR BF &1 98 6t He o ofei@ St 3Tehtd 2.11, 3= 2 ° fan
2, %! ST fonfed ot <a1 21 39 oMehfa o B9 A < € foh S-Si® x, 1 o A dl
T AR AT G AR IR 7, HeM flx) = X HT 3@ fag (1, 1) FT AR WK 2l
S B
T H: el Hd B foh x= 1 W Her %1 7F F 1 o SR 2l

TR 3 HAT f(x) = 3x W fo=R FIT SRY, x =2 R 39 FoA H1 HH A0 B
e | Frefafed arof 13.6 Td: T2 w5 2
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W|RUT13.6
x 1.9 1.95 199 1999 2001| 201 2.1
f(x) 5.7 5.85 597 5997 6.003] 6.03 6.3

Tddd g9 fFelihT Hd B foh A A aE A1 IE 2 HT S S B B, fx)
HT HHE 6 HT X ST FaT g TG BT ¢ FW T, TW YRR ARTAEd FR Teohd

g fw

1i1121f(x): 1i1121+f(x)=lin%f(x)=6
3Rl 13.4 o YR 3T Ao 39 qeF i

o <l 2l

e T B B W T R = 2 W e H A g0
x =2 HH % FOwd 2

ST 4 3T T flx) = 3 R =GR wINT| 6T 70
x =2 T DI FH Fd HH H TG | I8 Her
TR oM BH % RO Tdd U & AW (39 feafq
H 3) 9 el € 2refiq 2 ok 37cdd FeRe feigeti &

foTT =51 99 3 ©1 om:

lin%f(x): 1ngf(x):1in%f(x):3
f(x) = 3 1 3TerE BT &eid | (0, 3) | S el x-3781 o HHI W@ ® SR
Trepfd 2.9, STe 2| I T B 3699 I7 oft T ® fo enefiee dimn 3 © ded: W

Y

(0, 6)

pd

¢
\ 4

~

o

0 2,0

Yl

TTeRfa 13.4

T W STEaERd g € G G ot den o % fag lim £ (x)=3

TR 5 Fe flx) = 2 + x R foER Fifow 77 lim f(x) 7 wem =www o
x =17 e fx) o AF ERON 13.7 © GRofteg i e

H|ROT 13.7
X 0.9 0.99 0.999 1.01 1.1 1.2
fix) 1.71 1.9701 | 1.997001 2.0301 2.31 2.64
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TOY 9% qehETd g B © fE Y

N
lim f(x):linllf(x):lin}f(x):Z 4
x—-1" x—1* x— :
3Md 13.5 § S fix) =x2+x o 3
g ¥ 9E T © R -9 x, | A
AN ST BT, @ (1, 2) H AR .
ST B @ 2 1 ]
3Td: B9 A Y0 wd € T X' € : >X
2 a~lo1 2 3 4 s
i _ v
lim £ =£(1) M
’ 4, Elﬂr%*rﬁél?r° o qeA e 135
=g i THR HUT
limx®> =1, limx=13R limx+1=2
x—l1 x—l1 x—l
— lim x* + 1imx:1+1:z:hm[x2+x]
x—l1 x—1 x—1
. . & I RT T 2
qer lim x. ilil}(x+l)—l.2—Z—Eil}[x(x+l)]—£1il}[x +x].

A 6 T f(x) = sin x T fo=m i) gart lim sin x & w9 & sl w1 e o
X

Ww%laﬁ,%ﬂﬁgéﬁaﬁf(x)éﬁnﬁ(ﬁmn)ﬁmm%
|IUT 13.8

. T o1 | Zooor | Zvoo01| Zrou
2 2 2 2

f(x) 0.9950 0.9999 0.9999 0.9950

7o &H A Y Eehd € T leftl.f(x)=Xlifftl+f(X)=Xli_r>r712tf(x)=1
2 2
TH SRR, F€ f(x) = sinx % 3Tei@ ¥ Y Bl & S SRl 3.8 A 3

TR m g feaid=mm 2 fF lim sinx= 1.

x—=
2
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TR 7 HeH f(x) = x + cos x W fo@R Hifsw) &w lim f (x) T Ied 2l

Tl & 0 o T1he fx) o aF (Freheam) groftag R & (Frof 13.9).
| 13.9

x ~0.1 | -001 [ -0.001 0.001 0.01 0.1

f(x) 0.9850 | 0.98995 | 0.9989995 | 1.0009995 | 1.00995 1.0950

qroft 13.9, 9 &9 FrmE X 99d ©
jilgf(X)=}LI})1f(X)=}ciilg)f(X)=1
7q feorfq o off &9 deror @ € TR lim f (x) = £ (0) = 1.
36, I Y ©E ] WEHER FT Thd § F

lim[x+ cosx] =limx+limcosx gy o 97 &2
x—0 x—0 x>0 <

T 8 x>0 F forw, W m):%m R T B lim £ () T F
e &

i, B9 SFoclieh ®Yd € foh el o1 Uid Gl eMash ardtaes e g1 oT:
S BH f(x) % WH HRUTEG H €, x YA o o1 AR SR Bl 7, 1 hIg e T
21 = 89 0 o T9ehe x & YA AMI o T ®ed o T o) GRUiEg & © (39
IRt | p fREt oF i i i s R

F= @ T WOl 13.10 W, B9 2@ € TR S x, 0 W1 SR AUE Bl B, f(x) I
3R =g eiar sl 21 78l ghent ref B foR, ) 1 9 fRE & wen 9 o wer fhen
S ekl €l

H|RUT 13.10
x 1 0.1 0.01 10
f(x) 1 100 10000 102"

T &9 9, 79 BT Tha & Lim f(x) =+
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&n feoofl ot #xd € o6 <0 ugasd W B9 3@ YR &1 Gl ot = T@l sl

gwia 9w lim f(x), s Fe = €, e

x—2,
f(x)=10

x+2,

x<0
x=0
x>0

el i TWE BH 0 o TThe x o ToIq f{x) 1 WX = €1 eIl i ® o x o
HUTF TH o fAT 85 x — 2 1 A THohlon &1 2Tevaedhdl © 3R x o HAeHs dM
% U x + 2 1 A Frrem 1 sTavaehar 2idl 2

W|ROT 13.11
X - 0.1 —-0.01 —0.001 0.001 0.01 0.1
fix) -2.1 —-2.01 —2.001 2.001 2.01 2.1

ROl 13.11 1 92 o gfafted 9, g9 e o3 © fF B &1 51 2 9

T @1 © SN

gt k1 ifam = gfaftesl 9, 70 fme ww §

lim f (x)=-2

e T WH 2 T 9¢ @1 € SR IF:

Rt off 7 B
Fwid 10 T Sifd gwia o w9 F, w0 imf(x), 3 e ¥ efw

f(x)

Jy =2
Fiifer 0 T AT IR T vl F Hw Fordt T Y, o ¢
T Fed € fF 0 W Hor *i @9 Ao 2
TH oM %1 erd Sl 13.6 9 e ® wel, '
feuqoft e € fF x = 0 R e w1 wM gofa: g €
3R, arqd ®, 0 % I §, W x =0 R B w1 G

B x+2 x=#1
1o x=1
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W|ROT 13.12
X 0.9 0.99 0.999 1.001 1.01 [ 1.1
f(x) 2.9 2.99 2.999 3.001 3.01 3.1

TEd 1 W, | o ke x & fau g9 fix) & Ol %I Grviieg w211 9 wA
x % T ) ® WE W, T Fdid g € foh v = 1 W e 1 6F 3 g =ey s

111111f(x)=3
T YFR, 1 § 9 x o U flx) & AF § SRR fx) H TH 3 SN A,
U Y

lim f(x)=3

g e o1 3R <7¢ el w1 dand gorh € iR
3d:

lim f (x)= lim f(x)=lim f (x)=3.
3Tepfd 13.7 § e 1 3Toi@ & o IR § X
AR A & 9 a1 €1 96, 79 e < € TR

Ik &Y W, T K {55 R B 1 7 AR 589! Y
T f=-fa=t &1 whd & (9 & < 9t =)

13.3.1 @imreil &1 atafora (Algebra of limits) S99 Il W, B0 ST@hT Y
oo ¢ T dm ufswan =@, =adwer, TN SR 9N T WeA wdl § S ok TR
faamefie wer iR Hiod guitafod §1 7 gan 7 81 arad ®, 79 gl fon squfa
& T o w9 H e w9 9 8
D’ﬁﬁlﬂﬁ?ﬁﬁ@ﬁﬁf@?gaw@%ﬁ}Ci_rgf(x)aﬁT}ci_r)r;g(x)ﬁ 1 i
I HIE]

(i) & werl % AN B HH Her w1 SE w9 g 8, e

lim (/) + g ()] = lim f) + lim (o).
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(i) < woR o AT h HH Wl B HHSA H1 AR Bl g, Al
lim [flx) - g(0)] = lim f) — lim g(x)
(i) = e % A H1 EH e w1 S H1 [oH g €, s
lim [fx) . g(0] = lim fv). lim g(x)
(iv) 2 el % ANTE 1 HH HeR B HEI H ANE el 8, (St el YR
B ¥), e

_ f(x) limf(x)

lim =Z=24

wag(x)  limg(x)
femuit fosiw w9 @ feafd (i) #1 T fafvre fofd § 5@ g(x) T TH 3R ®er €
for forelt areafess @@ 4 o faT g(x)= 4 &9 UM @

lim|[ (A.f) (x)]|=Atim f(x) .
3Tl 3 ST=88 H, BH T2 <71 foh 36 YHT &l fafiTe YR o ®erl &1 diHet
o A W H H hd FE fRar S 2
13.3.2 H@QE?‘ 3 gRAT Terl @t '\'-77"7TqY (Limits of polynomials and rational

Junctions) n ¥d <kl Teh Wf(x)a@:lﬁ'q o HEA €, Wﬁ‘(f(x)=a0+a1x+a2x2
+.. . +ax, S asTH SEGE FEAd € R R wehd Sem a W A g, # 0

T WA ® T limx =g omd:

Xx—a

. 2 . . . 2
limx® =lim(x.x)=limx.limx=a.a=a
X—a X—a X—a X—a

n T A &1 T I 9] odidl = T

limx" =a"
X—a

9, A AT f(x)=a, +ax+ax> +..+a,x" Th IEIET HAT T
Ay, @ X, Ay X .. anxnmaﬁ@W%ﬁﬂﬂﬁ@,%ﬂW%W

lim £ (x) = lim[a0 +ax+a,x* +...+anx”]
xX—a

X—a
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. . . 2 .
= lima, +limg,x+lima,x” +...+lima,x"
X—a Xx—a xX—a X—a

. . 2 .
ay+a limx+a, limx~ +...+q, lim x"
X—a X—a xX—a

a, +aa+a,a’ +...+a,a"
f(a)
(gifeea =Y T ooe Swis o Yeie =Rl 1 sfifaer wHg form 21)

(x)

g .
TF e f @Wﬁﬁawméwﬁf(@:mﬁﬁg@)aﬁ? h(x) T"

TguE € TR h(x) £ 0.7

lim f (x) = lim g(x) \ }g;g(x) _ g(a)

x—a x—a h(x) limh(x) h(a)

Tafa, afE na) =0, feafadi & — (i) T g(a) # 0 IR (i) & g(a) = 0. 7 I
frafq & =0 wed © T o o1 i @) @1 9 =) feuafa § &9

g(x)=(x—a)"g1(x),§lﬁ k g(x) ¥ (x — ) H TEAH = 21 3 TR

h(x) = (x — a) 'h, (x) F(F h(a) = 0. 319, A k> 1 & T 2

lim g (x) lim(x—a)k g (x)

}Cii)l;f(x) £ E}éh(x) B Xli_)rfl(x—a)lhl(x)
}(i_r)l}l(x—a)(k_l) 8 (x) _0.g,(a) -0
,lrl—rghl(X) h’l(a)
AR k< [, A e gRefE 724 2
TETET0T 1 HA §Ia Hifs:
o i -e e i tim[ (x4

(i) lim [1+X+x2 +...+x‘°]'

x——1
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Tot arefiee geft FTd pe Tguid ot ki ST €1 o1 HiHd vew feige W wort
o A §1 79 a €

@ Ime_y+i]=1-12+1=1

Gy lim[x(x+1)]=3(3+1)=3(4)=12

x—3

Giiy lim [1+x+x2 +...+x10] 1+ (=D + (=124 .+ (=D)©

x——1

=]l-1+1+..+1=1.

SETET0T 2 G J1d HIfST:
' lim_ x> +1 . lim_x3—4x2+4x
@51 x+100 L
lim_ x4 - lim_ x 2
(i) X—>2_x3—4x2+4x ) X—>2_x2—5x+6
lim| £=2 _ ! }
2 ol x*—x X =3x2+2x ]

e gt T wer ufea o €)1 31d:, ¥ Ted USd fagetl W s Wl o 9H

Waﬂﬁ%’w&%%,&maﬂﬁmw,ﬁﬁmé%mm%ﬁaﬂw
2, %! P& #%d gC Herl &I gA: foed 2

2 2
2+l P+l 2
) TW UM % lim . .
® *Slx+100 14100 101

(i) 2 W e H IH T FE W EH 39 %wmﬁmﬁ% aa:

X —4x*+4x x(x_z)z - x(x-2) .
im—— " _ lim———— _ lim——=
e TG (2) T2 (xe2) TR x A2
2(2-2
_22-2) o_o
2+2 4
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(iii) 2wwaﬂmwaﬂﬁm,%ﬂ3@%é€mﬁqﬁ%,m:

2)(x-2
lim—x2_4 =1im—(x+ Jx—2)

=2 Ayt +4x T T X(X—z)z
(x+2) 242 4

_ lim = =

—2x(x-2) 2(2-2) 0

ifer aftenfoa =& 2

(iv) 2 T HeH & 0F I 3 W, 89 39 %éﬁmﬁ’qﬁ%l a7

3 2 2(x=2

x%2x2—5x+6 T oxs2 (x—2)(x—3)

2,
x—2 (x—3) 2-3 -1
(v) Ted BH He i URHd %o SEr g faed 2

x—2 1 x=-2 1
{xz—x_x3—3x2+2x}= x(x—1) x(x2—3x+2)

i x-2 1 }
=_x(x—1) x(x—l)(x—Z)

_x2—4x+4—1}
- _x(x—l)(x—Z)

x*—4x+3
= x(x-1)(x-2)

2022-23

313



314 T

0 .
1 W e T 91 I w3 W g9 Emwmﬁ%\l 37

lim x2—2_ 1 lim X2 —4x+3
ol —x =374 2x | T el x(x-1)(x-2)
~3)(x-1

im0

lim x-3 1-3
= ix(x-2) T 1(1-2) =%

&0 ool e B for Swdea | 9 e | g U (x— 1) 1 TR e it oo

T FEAYUl U 1 AE W w1, St fo 101 afiRomt o wege gntt, = T e
o &9 § T 2
ura 2 fRdt ¥9 Uit n o fom,

x"—a" -

lim =na

x—=a xX—a
femuit Iwda wHg o A 2q Aok g ® Wi p w2 URHT "em € 3R
a YT B
Wﬁf(x"—a")aﬁ(x—a),ﬁﬂmﬁq'{,%q%@ﬁ%ﬁh_

X'—a'= (x—a) X'+ x2a+x3a*+ ... +xa?+ah)

n n

x" =

39 TR lim =lim '+ x2a+x3a>+ ...+ xa?+ ah)

x—a xX—a x—a
=a'+aa?+. ..+ a? (a) +a+!

=a'+a ! +.4+a" + a7 (n UR)

15
.ox0 -1 oA+ x—1
(i) lim~5— (if) lim ¥
1x " —1 X0 X
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= 15 (D)% +10(1)° (TEF 9T ¥)

= 15+ 10—z
= : 5

(i) y=1+x &0 y>1 59 x 0 @@

N. _ -1
lim 1+ x 1= lim y

x—0 X y—l y—l

L 3

2 _12

—im 2L

y=l y—1

1
.- 1
= %(1)21 Ew feoft 9) =3

13.4. Treriurfadia wemt <Rt ?ﬁ'q'l'lf (Limits of Trigonometric Functions)
T €9 W, Berl o a) | Fefafea dea (qie & ®9 H w2 ) Fw i
el 1 HEST #1 dReed W H gad @l
. Y
ik %l A

MG ®e f R g Ut € o ufqrn o wiq o
Tt x & T f(x) < g(x) fFd o & fow afg

lim gy i lim g(r) < 1 sfeaer @ o ! y=ﬂX)‘x
. . 0 a d
im ) < im o) 58 amepfa 13.8 7 fom1 @

w2 foF T 2 T 13.8
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i 4 Fefaer v (Sandwich Theorem) 9H <ifST £ g 3R 4 Irfaes A o
U9 € o g o it widl o wedi x
o U f (x) < g( %) < h(x). Trdl aredfaes

gE o @ fag afe im o gy =

= lim e, at lim g = 1 39
ST 13.9 7 fo ¥ T fovan o 2

FrepuiidE el o Hafua fefarad
e STHHE F TH G A
Squfa e wEqd @

0<|x|<g & fow cosx< it <l (%)
X

SUUf BH SMA © o sin (— x) = — sinx 3K cos( — x) = cos x. 37d: 0<x<%aﬂ%ﬂ

TEfeRT 1 fog w6 o fou 78 99w 2| B
AHf 13.10, ¥ T THE 99 H1 b O T HIT AOC, c

x%%ﬂ?%%aﬁ?0<x<§ | {@r@g BA 3 CD, OA & aead AN

21 3qeh aAfafied AC w1 fiyermn T 81 a«
AOAC &1 89%Fd < JaEE OQAC &IFA < AOAB &1 &FHdA

1 au@i%l 13.10
sy OACD< Zi.n.(OA)2 < %OA.AB ,
T

FAq CD<x.0A<AB. AOCD ¥

CcD .
sin x = a({%ﬁOCzOA)aﬁ'{ 3d: CD = OA sin x. 39 Ifdfaa

AB
tanx=O—A\3ﬁ'{ Ad: AB = OA tan x. 39 TR

OA sin x < OA x < OA. tan x.
FiifF T OA S §, B9 U ©

sin x < x < tan x.
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EPﬁﬁFO<x<§,sian%ﬁTWWsinx,@[H‘*ﬁaﬁ qT 3 W, B9 U ®

X 1
<

sinx cosx

ol 1 JFH HH W, BW UW €

1<

cosx<w<lwﬁf@§'§l
X
Ui 5 Frefafed < Aeegul FE 2
0 limsmx=1 i) liml—cosxzo
=0 x =0 x

SINX e cos x 3R 3TeR HeH

Ul (i) (%) ® ST (Inequality ) o 3TTER T
et o 1 81 Sl €, o s o fed @

zoer Sifaftr i M cosx= 1,79 3@ € fF W & (i) #1 swfa defam
i & ol

X

(il) # fag w5 o o, ga Sreptufafa gdafa 1_cosx=2sin2[§jmwnaﬂﬁ

EC

x—0 X x—0 X x—0

(3]
Sin E
= lim—.limsin[gj =1.0=0

x—0 x—0

X
2
Waﬁﬁqﬁ@ﬁmw@wawmwﬁm%ﬁﬁx%o%ﬁoéﬁ

@W%wwﬁy:%wwﬁmﬁwwm%l
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. sindx . tanx
SEETOT 4 HE A1 HitC: (i) lim (i) lim

x—08in 2x =0 x

sindx . {sin dx 2x }
m . 2

. l .
& @) e Ax sin2x

x>0 gin2x x>0

. | sindx sin 2x
— 2.lim -
x—=0|  4x 2x

) sin4x . sin2x
— 2. lim + lim
4x-0|  4x 2x-0|  2x

=211=2Fdx > 0,4x > 07 2x — 0)

X ) sin x . sinx . 1
— lim — lim .lim

tan
X x—0 x COS x =0 x x—0 COS X

zwrlw%(ii)ygé =1.1=1
T 9 T, fogent St 1 °F Hoed 999 s o WH i Sasdshdl
2, frefafea 2:

e R e lim fg;c; 1 I & 3R 89 THh TH F1d K 96d ol Uee

xX—a g

T f(a) 3 g(a) o A 1 S A S 9 €, O &1 <Ed € % Al w0 59 pree
F Y X Ghd B S IS HATH T w1 HRO 7, Fulq @ Ak ww
f0) = f, (@) f() Tor@ = T8 f, (@) = 0 3R £, (@) # 0 | 6 FHR g(x) = g, (v)
gz(x),ﬁf@ﬁ%'\_ﬂﬁ gl(a)=03ﬁ'( gz(a);tO.f(x)SﬁT g(x) ® ° 3vafTe rHEE (A
e 8) d Fe 1 23 ® 8k

L -2 a0 i

i S (3) _ pla)
o =ag(x)  q(a)
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gyt 13.1
T 1 9 22 9% FAfafad dmmet o UH 9w sifs:
. 22
1. limx+3 2.hm(x———J 3. limmr?
x—3 x—n 7 r—l
 4x+3 04 +1)’ -1
4. lim s 5. lim Lx“ 6. lim&
x4 x =2 x— -1 x—1 x>0 X
> 4
. 3x —=x-10 ) x —81 . ax+b
7. 11m2— 8. 11m2— 9. lim
=2 x" =4 =3 2x° —5x-3 =0 cx+1
1
| 2
10, lim = 11. 1imex+C,a+b+C¢0
ol w1 ex® +bx+a
76 -1
1 1
—+— . sinax . Sinax
12, iy X2 13. lim 14, lim ——,a,b#0
‘>2 x 42 x=0  bx x—=0 sin bx
. osin(m—x 2x—1
15. hm M 16. hm cosx 17. thOS—x
x> q(n—x) x50 T—x =0 cosx—1
lg'hnlffiﬂffif 19, lim xsecx
x>0  bsinx %0
20. Mnigﬁiigialua+b¢0,
x—=0 gx + sinbx
tan 2x
) im
21. hna (cosec x—cotx) 22, ,,* P
x—> 2 2

2x+3, x<0

23. lim f(x) i lim f (x) , sm <ifee, wref f(x)={3(x+l), x>0
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. x* -1, x<I
24. lim £ (x) g wifsw, &t f(X)={

x>l -x*=1, x>1
[ x|
. . —, x#0
25. }Clg(l)f(x),wmmaﬁﬁm,wf(xﬁ{ x
0 x=0

x x#0
26. lim f(x) 3w wifem, st f(x)=11x1’

x—0
0, x=0

27. lim £ (x)  sm wifsw, s&F £ (x)=1x1-5

x—5

a+bx, x<l1

28. ﬂﬁ?ﬁ'ﬁrl'qf(x)—ké x=1

b—ax, x>1
AR =Afg lim £ (x) = £ (1) a AR Db o G99 AE B2
29. 9 T a, a, ..., a HEX AEfIFE GEAT § HRX TH HAT

f(x)=(x—a) (x-ay)..(x—a,) ¥ TR B )}glull f(x) T &2

fedt a#a, a, .. a,% faw Im () F1 ofmem wifm

n’

|x|+1, x<0
30. =fz f(x)=10, x=0
|x|—1, x>0

M o o w6 fag im e @ stfaa 22
flx)-2

31, A wE flo), lim =5 =, % g e g, @ limf(x) % A
x— x° - x—

HifsTa)
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32. TR quishl m @i n & o lim f(x) sl lim £ (x) i b1 eiferr @, af

mx* +n, x<0
f(x)={ mx+m, 0<x<1

nx3+m, x>1

13.5 3TdehctsT (Derivatives)

B ITRT 13.2, W <@ o ¢ T fafae awarawet w fie &1 feufq s st 38 ¢
1 TG S G9a € Torew fis ot feafq aiafda e @ 21 o o fafay eof @
ﬁ'ﬁﬁﬁ‘)ﬁlﬁ(parameter)aﬂwﬁTWQaﬁaﬁwaﬂWWﬁmﬁsﬁ
e Bl T ®, 3Tq oA & w1 fawd €| artaeh S shi 3k fefaal el &
5 UE wfhean wmEifed & &1 SavEshd Bl 21 SIEUd: Tk Sl o 1@-1@m
FH At Al o faI T7F o 3T U W A i TEE SIS I8 ST STeavdsh
BT & foF T o Doy onrh, fafay guel W Uehe &1 ari S Yohe SRR
1 36 g a7 o URehel whi STEYIshdl el € SHd SUUE 1 Uehe WLl
saea® Bl foaxita Heaml &1 fordll foRiy ek o odH Jod SR 3Heh qodl o
e it el H SEvEsd B 1 T oI UE ok o1 feerfaat  gw S
arefiee BT € T U Wree o T R wreet o gy oRted s fRg e e 22 aitm
o id & Ued f6g W B w1 sTashas 39 fava &1 ged S22

uaftarer 1 °1E T £ O arafaed qrg B @ SR gqeh aRYrr & Wia § U fag
a®l a W f I FEhHAN

limf(aJrh)—f(a)
h—0 h
Y it B oerd for 3@ G w1 i Bl o W f(x) 1 Ewest [ (q) W Frefua
Bl 2
TR HIT & (a), a T x o Guel Red= 1 qRATT aaqmr 2l

FEEIOT5 x =2 W Hed  f(x) = 3x I 3TEReSl I RIS

o T f'(2)=limf(2+h)_f(2)=1im3(2+h)_3(2)

h—0 h h—0
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im0 i i3s3
h—0 h h—0 h  h—>0

3: x=2 W HAT 3x F] STHAS 3 2

SEEUT6 x= —1 W T flx) = 2x2 + 3x — 5 1 TS A hitegl I8 95
Fifse TR £7(0) + 37 (-1) = 0.
T BH TEdd x=0 3 x = -1 W f{x) I ahersl T1d H &1 8H I € TR

f(=1+h)=f(=1)

£'(=1) = lim

h—0 h
[2(—1+h)2+3(—1+h)—5}—[2(—1)2+3(—1)—5}
= lim
h—0 h
= lim 2K - =}11n(1)(2h—1)=2(0)—1=—1
s £(0) = tim f(0+h2—f(0)

= lim
h—0 h
2
im 2 i (204 3)=2(0) 4323
h—0 h h—0

T £(0)+3f'(~1)=0

fewuit T feafq # wam ST o T g W Tasharst &1 99 9« & § 9= 94
F o fafay faei &1 gt yam afwfad @) fFefafed sgam o #=a 2:
JEAEIOT7  x =0 sin x T Ehesl A HIST

g HH WIS i) =sinx. T

£(0)= limf(0+h)_f(0) im sin(0+h)—sin(0) g Sinh
"0 h h h=0 |

h—0
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SEEIUT8  x=03R x=3 R HeM f{x) =3 1 Ndehels 1 Hife)

T iTh STEeherS] hel § UNede i "Y1 §, FeSey ¥ I8 T € fh 3R wer
T Yo f6g W Tasher 4 81 el 39, I o, Frefafad wiehen 9 5o faem 7

f(0+h)-f(0) 3-3 0

£'(0)= lim P = T =
TR f(3) = A Gl bl A C) RPNk
f3) = TIm h =
39 g T foig W wed & ){\
W a’ﬁ F":nﬁq_(ﬂ—q a:"—@:" W f(a +h) ............. Q(a+ha f(a+h))

F 2
HH AT y = fx) Th HeH
2 3R AF ST 3§ wed &

P (a, fla))

sme@ WP = (a, fla)) stx SOf T2 R
Q=(a+h, fla+ h) I TR y=fix) . '
frpe fag €1 emepfa 13.11 3@ — : : >X
T AT BIEH S § T 0 ¢ ath

3TTeRfa 13.11

i i a+h)—fla
f(a)=}gg)f( 21‘()

I PQR, ¥ 7% T ? % 9 orun fous! @i &0 of ® €, 7enefar 9
tan (QPR) o SR € S o Sftam PQ 1 @rel @1 HHl o i Wishan ®, S/ 4, 0
3R SR g 2, fog Q, Phl 3R TR el @ SR B9 W © i

fim L9 S(a) QR
h—0 h Q—P PR

g 39 q27 o qod @ Th S PQ, 9 y = fix) o foig PR el 1 @R R
B R e f(a)=tany .

T ST e £ oh ToTy &n ok fag W Sfaehers! T Y Tehd §1 AE ok feig
W EHAS 1 A € A T8 Uk T Bl i URAT i € T e f

FEFHAS HEN Sl & SI=1eh ®9 W BH Th Ho o FThers i Fferiad JHR
it & 2
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aftarr 2 WE ST R £ ek arsfess A e ©,
) ()

h—0 h
T IR o, SEl el W w1 A ®, il x W £ h1 STahers! qRIa famen
S € AR f{x) W et e STan 1 S1aeherst shi 36 TR i TaahersT okl UIH
Tagta «ff wer s 21

f(x+h)—f(x)
h
TEd: f(x) T URA 1 Wid SEl € Sel Wl sy w1 e @1 U

W TR f/(x) = lim

Tl oh JTERETS oh T HehdHd 1 -l £(x) %(f(x)) o frefua fea

w%wﬁq’y#(x),aia%%@ﬁaﬁﬁﬁww%@ﬁymf(x)éaqrﬁaw
o &9 H Seeliad a1 ST 8 36 D (F(x) ) @ ot Frefua fvan sman 21

d df df
Tk SR x = a W foh 3Taharst &l Ef(X)aqTELm(dx) g

et feran S 21
JETETUT 9 flx) = 10 x 1 STAHReS] A1 hiTeg]
. h) - 10(x +h)-10
e f,(x)sz(ﬁz f(x) - tim (x+2 (x)
— 1im 2% _ 1im (10)=10
h—=0 h h—0

FETETUT 10 f(x) = x> T aehersl A HIFT

f(x+h)—f(x)
h

&1 8H UM © f@) = lim

— lim (h+ 2x)=2x
h—0 h h—0
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SETET0T 11 Uoh 3TeR aidfash 9&N o AU, 3R oM flx) = a 1 ST&Hharsl
A Hifeg|

om0 - U

a—a 0
=1l =1lim — =0 FHif®
hlir(l) h hliréh 0 h#0

1
mlzﬂx)=;waqawaamaﬁm|

o mmE e U0

L1
lim (x+h) x

>0 h
T x—(x+h)
= o0 h| x(x+h)

. —h . -1 1
_ lim—| —| _ lim _
T 0 h x(x+h) = h—>0 x(x+h) T2

13.5.1 TeTl o 3TaehersT T STSRTIUTT (Algebra of derivative of functions) ¥
sfsherst 1 7ene uRrn & @i fvea @ @Y w9 ¥ oftufad ?, €9 erdewes o
et o Frehear @ dimn o faml o ST i ST d B 1 8 e fefated geat
o U ®:
THE 5 HA ST £ 3R ¢ X UY Wer © fR SR SwafTss wid H Sk steshor
Refea €, a

() < weEl o AN 1 TR 7 Hel o SEhers H1 AT B

L)+ ()] = F g
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(i) T WOl oh A 1 TR 3T Bl o ARSI H W B

d d d
L @-g@)]=—f-——g
(iiiy J FHEHl o UM F TRl (AArEd o =8 (product rule) ¥ &
R %:

L) - g ()] £ 0080+ £00 =)
(iv) R el oh ANTHA T STFhHS Efarad 9Tk 99 (quotient rule)

g fean mn 7 (Sl el o IR ®)

() 0= 0 g
E(gm}‘ (s)

TR STl st ki qod 9 YHAl § MEvThg T H ST Hidl & TH 5%
75l fag Tt w8 dimet #1 ferfd +1 T 78 wHg Saerd © 6 o geR & wer
o 3feshers i YRehfer oy STd €1 wHa o ifad < el w1 feafafad g0 9 1
el S ekl & 500 Sk GHERT w3 | @M ¥ GerFa ferd 2

AH SN u = f(x) R y=g (x) T

(uv),=u'v+uv'
IE el o UM o STeshe o T Leibnitz Fom =1 oM a9 Seaifed g
21 3 YRR, WrThe e @

4 7 ’
u uv-—uv
— | = 5
1% 1%

e, 3MEU B0 FS HMH Hordl o feshorl i & T8 3@ W ¢ o wor
f(x) = x 1 STTheAS 3R HeM | B I8 € FHih

P G (O ST

h—0 h h—0 h

_liml=1
h—0
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T TEHhT 3R STGH THI BT WA fix) = 10x=x + x + ... + x (10 T%)
ETF THF & (i) W) o ks o e § Hid ©

g _ 4
I = dr (x+...+x) (10 9)

i)C+ +ix 10 9
= I Ix ( )

= 1+4..+1 (10 9®) = 10.

T I 34 ¢ FR 39 I 1 O 0E g9 % 9Am g off w R S wehar €
Wﬁi’@ﬁ%,f(x)=10x=uv,ﬁﬁumﬁ§3ﬁuWW‘THIOWWW
2 3R v(x) = x. T8 BH A T foF w1 STEHES 0 o SR © W B v(x) = x F
kel | o SNIeR 21 398 WehR UM T o, &H U €

[ (x) = (le)’ =(uv)’ =uv+u'=0x+10.1=10
THl MU W f(x) = x> % STEHAS H1 HA U A ST Tkl S| BH U B
f(x)=x2=x.x3ﬁ1 37

df  d d

xx)

d
ax E : —E(X).X‘I‘X.E(X)

= lx+x1=2x

s =9k ®Y § gH Fefefed 999 O B

i 6 fRdt o[ quies 1 % fAU fx) = x7 BT STEReS xRl
SUUTT STahers Her 1 IRE 9, 89 W o

P G o (G I ES D e

h—0 h h—0 h

fgue v wed B 6 v+ hy = (7Gx +("Cy)xh+ L+ ("C, ) SR

(x+h)'—x"=h(nx"~" +... + i*~') 39 ThR

n n n—1 n—1
df ) (xrh) - =limh(nx ot B

dx h—0 h h—0 h

: n—1 n—1
=}11_r)13(nx +..+h )7=nxn4
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Toreheaa: T9 SUH! n W AT R E g7 9 ff f=1 7R fag == 9= €
n=1 % fou 9 ¥ ® S for ved fa@mEn s g @
R
E(X)za(x.x 1)

a
T odx

=1.x"" +x.((n—1)x"72) (3T aRehea T &)

(x).(x”_1)+x.%(x”_l) ('F ¥ 9)

— xnfl +(n_1)xn4 — n‘xnfl

femuit Iwda 999 x & gt ual o fau g ® tufq nwiE o arfas gen @
TRt T (AR &0 TR 78T fag T&l w4

13.5.2 agua’r 31 FreRIvTiidts el o STaeherst (Derivative of polynomials and
trigonometric functions) 9 TTefafEd Y89 ¥ YRY ST S THH] HECIT‘ﬂ'q el oh
oSt el 2

T 7 HA SN flx) = a,x" +a, X"+ ...+ ax+a, T T FeH T S as
Tt S HEAad € 3 a, » 0T TS Word 39 YER fan S g

df(-x) - nanxn—l
dx
G YHG 1 STU THT 5 3R YHT 6 o 9 (i) I WH G WH 9 g i S
Heht 21
FATETOT 13 6x1%0 — x55 + x o 3TThelS bl URehe hifsTg]
T STYH YEE KT W STIYAM Fdaml © {6 SUdE We & STasher

600x”° —55x% +1 Bl

x=2
+(n—l)an_1x +...+ 2a2x+al

FEEUTI4 x=1 W f)=1+x+x2+x3+... +x0 I Adhels A it

T SWH YHA 6 k1 Hiel STFAN adeldl € TR SUddd wer w1 STdehels
14+2x+32+. .. +50x® B x=1 R 38 HeM & T 1+2(1) +3(1)* +... + 50(1)*

(50)(51)

=14243+...+50= —"— = 1275 2

2022-23



@ iR srasher 329

1
SEE 15 f(x):% 1 SFIHES T F

%T'TZFE?W)C=O%Hﬁﬁﬁmﬁmqﬁﬂﬁﬁélﬁﬁu=x+laﬁ1v=x
AR TRl FH T TN Hd B ST 4 =1 3R v = 1 g
df (x) :i(x_ﬂj:i(ﬁj Cuv—w’ 1(x)=(x+1)1 1
dx dx\  x dx\ v
IEEIUT 16 sin x o STThAS] Tl TR Hiftsa]
A T ST f(x) = sin x, 79

df (x) _ limf(x+h)—f(x)_lim sin(x+h2—sin(x)

2 - 2 - 2
v X X

dx h—0 h h—0

Zcos[sti [hJ
= lim 2 2) (sinA-sinB @%WWW)

h—0 h

sin —
limcos| x+— |.lim 2 =cosx.l=cosx
= 10 2 ) hs0 h .

2

IEEI0T 17 tanx o STAFeS 1 GRepe Hifsul
T@ WM ST fx) = tan x, T
df (x) limf(x+h)—f(x) . tan(x+h)—tan(x)
- h

=lim
dx h—0 h h—0

sin(x+ h)cosx—cos(x+h)sinx
= lim
BREC heos(x+h)cosx

sin(x+h—x)

= lim (sin (A + B) % T3 T TAN Hih)

=0 hcos(x +h)cosx
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_ lim sin /2 lim L

= 1-0 h h-0 cos(x+h)cos x

1
cos® x

SEEIOT 18 flx) =sin? x & qHaS hl TR Hife)

2
= 1. =sec” x

Tl BH TUHT U W H ok fAU Leibnitz TOF g3 HT AT Fd
4 = —(sin x sin x)
dx dx
= (sin x)’ sin x + sin x (sin x)’
=(cos x) sin x + sin x (cos x)
= 2sin x cos x = sin 2x.

[ wroererett 13.2

x=10T x> — 2 H Adhersl A hifC]

x=1TR x T TR Fd HifoUl

x =100 T 99x T TAehersl A hiTey)

e fagid 9 f=fafed el o Tashas Ad Site:

(i) ¥ -27 (i) (x-1)(x-2)

1 . x+1
(iit) 2 (iv) 1

W N =

=

100 99 2

X X X
=+ T+ o+ —+x+]
100 99 2

& fau fag =it f& £7(1)=100£7(0).
6. TREl 3T=R afas @& a F U ¥ +ax" '+ 2 +.. .+ d" ' x+a" H

STIHeTS A i
7. Tﬁaﬂﬁaﬁ?b,a;m,

5. wed f(x)

@) (x—a)(x=b) (i) (ax*+b) (iii) %
o 3Taeharsl WA it
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8. Tt eR g forw 9 = e W IR
X—da

9. fAfafag o stewas Fd Hifsa:

(i) 2x—% Gi) (5x°+3x-1)(x-1)
i) x7(5+3x) (v) »*(3-6x7)
2
_ . X
v) x4‘(3—4x5) Vi) x+1 3x—1

10. e fagid | cos x 1 2TdFHeIS Ad hifoId|
11. frafafed woql o STeahas J1d Sifem|

(1) sinxcosx (i) secx (iii)) Ssecx +4cosx
(iv) cosec x (v) 3cotx+5cosecx
(vi) 5sinx—6cosx+7 (vil) 2tanx—7secx

fafaer Sergvur
IETET0T 19 WU Togid § £ ol SToehelS i ISy Sl f 39 YR Ued e
) 2x+3 . 1
O fx)= (i) fx)=x+—
x—=2 X

T (i) A AN 6 we x = 2 W g 7@ 21 Afea, 79 U @

2(x+h)+3_2x+3
x+h-2 x—2

fx+h)—f(x)

. e
(2x+2h+3)(x=2)=(2x+3)(x+h-2)
=% h(x=2)(x+h-2)
C(2x43)(x=2)+2h(x-2)—(2x+3)(x=2)—h(2x+3)
— lim
= 0 h(x—Z)(x+h—2)

lim il = !
= >0 (x=2) (x+h-2) (x—2)2
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T o T x=2 W wer 7 off gftenfad T R
(i) x=0R e gRwf &t 81 iferd, 89 I ©

e )
x+h+ - x+—
x+h X

fx+h)—f(x)

’ — 1 :1
! (x) hlg(l) h hlg(l) h
— hml h+ ! —l
h—0 x+h x
Clim | a2 L g
h=0 h x(x+h) h—=0 h x(x+h)
_lim|1- ! = —iz
0 x(x+h) x

T A ST & x =0 W Fer /7 aRkefud 7 2
IATET0T 20 JoF Tagia ¥ ®e f(x) T STdhers A1d ST ST f(x)

(1) sinx+cosx (i1) xsinx

fx+h)-f(x)
h

T ()79 U €, f(x) =

sin(x+ h)+cos(x+h)—sinx—cosx

= lim
h—0 h

sin x cosh + cos x sin i+ cos xcos/h —sin x sin 2 —sin x —cos x

= lim
h—0 h

sinh (cos x — sin x) + sin x(cos 4 —1) + cos x(cos h —1)

= lim
h—0 h
. h . L cosh—1 h—1
= lim s (cosx—smx)+hmsmxu +limcosxM
h—0 h—0 h—0

= COS X — SIn x
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i f'(x) = limf(x+h)_f(x)=lim(x+h)sin(x+h)—xsinx

h—0 h h—0 h

(x+h)(sinx cosh+sinh cos x)— xsin x

h—0 h

i xsinx(cosh—1)+ xcos xsin i+ h(sin xcos h+sinh cos x)
= l1um
h—0 h

. xsinx(cosh—1) sin o ,
= lim +1lim,_,, xcosx +1lim (sin xcosh + sin hcos x)
h—0 h h—0

=X COS X + sin x

SaEOT 21 (1) flx) = sin 2x (i1) g(x) = cot x
o YIRS h1 TR hiTd|

T (i) ROl ¥ sin 2x = 2 sin x cos x T JTERUT FHiTST| $H ThR

AC —(ZSinxcosx):Zi(sinxcosx)
dx dx dx

= 2[(sin x)

’

cos x +sin x(cos x)’}

= 2[(cosx)cosx+sinx(—sinx)} = 2(c052x—sin2 x)

(ii) TReT &, g(x) = cotxz(;nsj Y NTHE Y HT T 9 e R HET, Sl hal
dg d _d[cosx) (cosx) (sinx)—(cosx)(sinx)’
& e 2 E T dx (cotx) dx ( sin x J = (sin x)z

3 (—sin x) (sin x)—(cos x) (cos x)

(sinx)?

. 2 2

sin” x4 cos” x )

= ——— 5 ——=—cosec’x
sin” x

2022-23



334 T

1
Taereud: 39! M 3T foF cotx = -
X

T TAT H € T tan x T SRS sec? x B S BH SEEI0T 17 § 2@l B X Y
&l 3SR Wl 1 el 0 Bl B

Ezi(cotx):i( ! ]
dx dx dx \ tanx

. UReRfera foran ST Tehal ©1 I81 &9 o9 a2

(1) (tan x)—(1) (tan x)”
- (tan x)2

(0)(tan x)—(sec x)?

2
(tan x)
2
—sec” x )
= 35— = —Cosec’x
tan™ x
. x> —cosx .. xtcosx
SR 22 () ————
sin x tan x

T ATehels] A hifed|

5 ] '
T (i) T ST h(x)=xTcosx.Glﬁﬁ @t e wRafid €, 80 39 Bod W
x
ueaclspeicaRepinicrul
W x) = (x° —cosx)’sin x — (x° —cos x) (sin x)’
(sinx)2
. (5x4+sinx)sinx—(x5 —COS X)COS X
a sin” x
—x°cosx+5x*sinx+1
(sinx)2
X+cosx . .
(i) 7w T AR o T WA 1 SR el o u% qie 2
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(x+cosx) tan x — (x +cos x) (tan x)
(tan x)2

K(x) =

(1—sin x)tan x — (x + cos x)sec” x
B (tan x)*

T 13 U¥ fafaer uvraeit
1. 9w fagid @ fafafed sl &1 TS I Sifg;

@) —x @) —0! Gi)sinGx+1)  (iv) cos (x - %)
TG el o STeshersl Fd RIS (98 THe S T a, b, ¢, d, p, g, r 3R

s Tfeerd IR 3R © 3R m den p quifer 2):
T 2
2. (x + a) 3. (px +q) ;+S 4. (ax+b)(cx+d)
ax+b I+ 1
5. 6. —X 7. —————
cx+d 1_1 ax” +bx+c
X
ax+b 2
g —=t2 o, PX_taxtr 10. 22 4 cosx
px~tgx+r ax+b X x
11. 4x-2 12. (ax+b)" 13. (ax+b)" (cx+d)"
CcoS X
14. sin (x + a) 15. cosec x cot x 16. ;
1+sinx
17 sin x + cos x 18 secx—1 19.
" sinx—cosx " secx+1 CoSmex
a-+bsinx sin(x+ a) .
20, ——— 21, — 22. x"(5sinx—3cosx)
c+dcosx COS X
23. (x2+l)cosx 24. (ax2+sinx)(p+qcosx)

2022-23



336 T

V4
4x+5sinx xzcos[j
25. (x+cosx) (x—tanx) 26. ————— 27 4
3x+7cosx .
sin x
X x
28. 29. (x+secx) (x—tanx) 30. ——
1+tan x sin” x

HRTIT
¢ o 1 37Ufed A S T fog o o eIt ok fege W fk #wan 7, fag
T el o WG U8 sl AT (Left handed limit) =1 9wt shtar €1t
YR STE UeT skt HraT (Right handed limit) |
¢ T fog W ke w1 HiH oTd get 3R < e i St ¥y WAt w9
€ afg 9 ur gl
¢ A fopdt foig W ad ver iR S et 7 G Gurdt 9 @ df 7% we S

¢ ToF 39 fog W wor ®1 Hw & A @l 2l
¢ TH TrEfae @A ¢ AR Tk e £ o fag Im fy) 8 f () TmE T o

X—a

B Wehd (STEd W, Teh URMG l 3R e )
o woRl foiR g o Frefefan @ AR 2

lim[ £ (x)* g(x)]=lim f (x)£lim g(x)
lim[ £ (x).g(0)]=1im £ (x).lim g (x)
’
lim{f(x)}le‘g;f(x)
g(x) | limg(x)

¢ frafafed g aFs @9 2

X" =a" n-1
=na

x—a

lim
x—a xX—dad

. sinx
lim =1

x—0 x
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. l—cosx
lim =0
x—0 X

a W AT f I Adehels

@ =im D 5 e g

Yo fog T sTaehers], sahels Her

Fi)= f()l f(x+h2_f(x)@rtrﬁ‘qf€m%ﬁ%|

h—0

th_c'Fﬁuaﬁ'{ ver fau fefatad Fﬂ"l%ﬁ?ﬂ 2
wxv)=u'+v

wv) =uv+uy’

(EJ 2y erd gt aftefe 2

v V
e 5o aH e eshes B
=i

d n n
— (X )=nx
dx( )

d .
— (sinx)=cos x
dx( )

d .
— (cos x)=—sin x
dx( )

AT gEyhr
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TIOTG ok Sfaer W el o SRl o 9F 1 Wi 29 & AW YqE @
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MR fean frgent 19 eq =AMqehd: q18d J&ishi | ThR %Y gok &1 Cauchy
D'Almbert &1 HH Hheo T o TAN oh §RI fehersl i GRATST a1 HAr i
sin &

o

IR ¥ IRY FW g = 0F fow * S SsEw fRu s=i

A (x+i)—f(x)
A—§=M, ferar o i —0,% faw @m # o % fe

“function derive’e " A &I

1900 & T =& | Sl o & el sl Ugrl sgd Hied T, 3afey s
el ki UEa U ST off| AR i 1900 § Teie H John Perry T 317 3 39
IR 1 YER 3 YR fohe foh e &1 g fafemi ik uromd Wi € 31k
el TR R« U@ S Gehdl €1 F.L. Griffin = el o 216799 %1 999 od o
I T IR Foh A9 U TR 37 & 98 sIgq At s em

ST A1 Sheled TIoTd 3tfq @7k 1= fawai S9 ifeert, T fomim, srefemes,
Sfafes o e w1 Sl Feeye 2l
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