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@'HTEI'T*F[ Integrals)

o Just as a mountaineer climbs a mountain — because it is there, so
a good mathematics student studies new material because
it is there. — JAMES B. BRISTOL <%

7.1 95T (Introduction)

A TG STTFAS 1 Hheudl W higd &l Her o
amerEl o fere wqef Y@t 9Renfia s 1 99en 3|
YR i @Rl I JEUl T URehe HET Adhers! &
T & ATURYT o FHmehe T, Ferl o oo 9 il
&5 % Ok i URMG HH TS THh AR h
IRehe T % gEE 9 Ui 2

Ifz U oM f Rl il [ H steshor § arefq
1 o e S5 W o o 3ashorst £ w1 e ©, 99
T Tneifash 99 3ol ® T A 196 qeies fog W £
fen e ® d o &H el £ A Y Gehd 87 3 Gt o
59 &5 T e Soh STaehels o &Y U Wi g3l §, 36
e ok HfdsTashers (qeT) Feeld €1 31 9% I fad
3 qeft gfasTerhers! I Bid §, el o1 SAHR=d GHIheH e © SR gideraehers
@ FE H T8 YT AT HE Headl 21 39 YHR i GHEN 3 AERIMNER
uftfeerfert & end €1 Sereton: 4 ed frdt e W Rt o w1 arerfores 9 9§,
At T Yo g% S3d1 € T o ww fondht emor W 3@ owq w1 feurfd @ oY weRd
2?7 39 TSR $] 3 G U6 Ugidd TRIITEr ot 2, STl SHeher i Gima
ffed el 81 THReH T 1 TR fEfRad YR w1 THENS o g HH o
Al T gfqwe 2l

(a) I TH FoH &1 Aadhers A &, A SH Held il AT HLH HI THET,

(b) TAfe=a gfaaent o siaifa wem o oer@ @ ¥R &S &1 &5%a A w3

& GEHEI

G .W. Leibnitz
(1646-1716)
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TG I GHEE THERCH & 31 &6 i AR WA st €, e gaehe wd
T=Iq el 37 S 1 WiHfed &Y ke T el

A= qamher e iy gueher o 9 U Gau @ S S S Ry
O oF ®q § SN ST €1 U8 Yo fivea wumeher &l foame we sttt & fag
T AR SR & ®9 | qa) Sl 21 refers, fod wa wifdenar si9 fafa=r &
T 3HH YR i Tfaeht GEENRT 6l B i o foau o fHfv=ga gqehes &1 s9am
o S 2

39 1™, 9 3TUH AUkl A= wd = Il @ IHhed &l 9
fafue wfed 37er Rfe TUIedl o 1o & Hifaa W@

7.2 WUTHAT @l e o Iohd Wehd o w®d | ( Integration as the
Inverse Process of Differentiation )

Ther o kT WehH ol THISheH hed | [l e i sasher 1 S & M
T EH o 1 YFshorS A1 3N € R THeR1 qa Steifq ardfaesh Weld 9 i o
AU el T B| I ThH GHIHEH S1El Yid-STasher HEeld €

afrzn frefafed Seeen ) fommr Y,
Y W4 © T %(sin X)=cos x (D
i(x_sj —_ 2 2
ax\ 3 =X .. (2)
3R A (€") = e . (3)
dx

B9 Ufad o & fF St (1) § %ol cos x BT sin x 1 SgHers g1 34 81
9 YR ot Fed 7 1 cosx 1 URdaTashars (31¥@1 THREH) sin x 21 TH THR (2)

TE (3) ¥ 12 3R e ok WiasTeehorst (S1eEl FHHE) W%G‘ﬁ'{ ¢ B A: BH

e # € R et oft areafass @@ ¢, N9 $=R Weld 41 Sl €, w1 STdsherst
2, 3N sEfere g9 (1), (2) @R (3) = Fefofad &9 o for oo :

3

d
i(sinx+C):cosx, i(x—+C)=x23’iI—(ex+C):ex
dx dx 3 dx

T YN B @A B o SUda werl o gfaerashast sterel gamher tfgdi
TEY &1 oqd: 3 Wl § W Yele ol o STuRid Widstaehers €, e g9 arsdfesh
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Tl & g=d ¥ s 3R C hl HIE U YSH Hich Wa HT Tahd 21 TeT HROT
2 fF C ol YUOR @Wes =R ®ed 8| a&d: C UH W 8, f5eeh 7 = ufafdd
<eh &1 U gU W o fafir=T ufdereashorst =1 Qa1 Wid i &1 SATdhd: afg

T Her Fua @ fR %F(x)=f(x),vxel(amﬁﬁmaﬁaﬂm)aﬁw

WS 3R C, & fog %[F(X)+C]=f(X),er

38 YHR {F+ C,C e R}, f o Widstehersii o GHER i ok ol 8, &l C
TR 1 3T=R FHaaldl ¢l

ot GHM STaeherst alel el § Ueh 379 o1 3] BIdl ¢l S9! <9 o fore, 9
T ¢ 3R 4 U@ & e & ook eraeherst Siatel 16 q9H @
fX)=g @) —hx), vxe Ig7 aRATT HeH f = g — h W fo=R ifSC
ar %:f’:g’—h’ T =g @) -h(&) vxe o= 2l
JUA f(x) = 0, Vx € I (IRFeTT H)
i 9 x o |Uel f o URed Rl R YA B I AT £ TH IR B

Suer feuqult o SgER IE Frehy Feprer =meea @ f 9ReR (F+C, Ce R},
f o |l gfaeraehersii 1 9EM T 2l

39 B T ¢ Tl ¥ IR B € S fo gfestershorsii o QU 9RER <t fefud s

T8 Tl [ f(x) dx ¥, T8 x % W f B SAREG THEREH o w9 g W €|
wied: &9 [ f(x) dx=F (x) + C T 2

Honee fean gan € T %=f(x),aﬁ%ﬂy=ff(x)dxmﬁ%l

gfawn o fau ga fAfafeaa ydiel/agi/ameien & 3ok 1o dfeq Rl 7.1 o
IeaifEd wW o
urui 7.1
Welteh /qa /aTerteT arel

[ £ @)ax f o1 x o WU FHRH

[f@ax & £ FHH
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[ £ yax = x THIHS H1 =
HHRC HET AR T HEl
[T TETHEH Th e F fswes fom
F(x) =f(x)
TR Ffsha THIShoT AT hid hl TshH
TR Rl 3T HE ot grdfas 9@ 59 3R
e Fed T

T T8 ¥ € §gd ¥ YIW Herl o Taehels o G A 21 31 G o Fd v
AR o WHITOT T i q¥d fore Wehd €1 39 WO I ki g fefatea ©
T9®1 3TN 9 TR Hadl o G Fl A B H B3|

3dehetst Derivatives HHTeh T (vﬁm)
Integrals (Antiderivatives)
d xn+l X n+l
O =x" "dx = +C, n#-1
@ dx(n+l] J-x * n+1 "
fafere &7 & 79 3@d ©
d
E(x)_l fdx=x+C
d . .
(i) — (sin x)=cos x Icosxdx=sm x+C
dx
L d : ,
(i) — (- cos x)=sin x J‘smxdx=—cosx+C
dx
.d 2 2
(iv) — (tan x)=sec’x Isec xdx=tan x+C
dx
d 2 2
(v) — (=cot x)=cosec’x Icosec xdx=-cotx+C
dx
. d
(vi) o (sec x)=sec x tan x Isec x tan x dx=sec x+ C
x
.od
(vii) a’_ (— cosec x) =cosec x cot x Jcosec x cotx dx=—cosecx+C
x
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(vii) E(sm 1x): —
d _ 1
(ix) E( cos 1x): —
d _ 1
(0 o5 (™ )=
d _ 1
(xi) oy (—eot™ %)=
- i(sec_lx):;
i a5 e

(xiil) g

(xiv)

(xv)

(xvi)

X N |
d
E(e )=¢€"
d
5(10g|x|)——

d X
— =a
dx {Ioga}
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I dx =—cot" ' x+C

=sec” ! x+C

J~ dx
x«/xz -1

_[ dx
x«/xz -1

Jexdx =e*+C

=_cosec 'x+C

jldx:log|x|+C
X

X

Jaxdx= a +C
loga

T § B9 g SE el w1 ek T we fed fafes wem
qftefid & qenfy foret off faftre gea & ded o sue! off wam o we =y

7.2.1 HTv=a TEIHEAT kT AT YT (Geometrical interpretation of
indefinite integral)
A ST £ () = 20T [ £ () dx =27 +C TNCH fafer=1 7l % ferg & fafer=

FORER UM ?1 W SanudE gfte @ 4 @t gHehed @EH €1 3§ YR
y=x2+C, &I C T W@=s =1 B, THReH o Th UReR &1 fefud e 81 C, &l
fafs= 7 9gH e B9 ufEr o fafa= 9o oI %d &1 39 Hash ainferd &9
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A= TR 81 Teadl Yoish GHIsher Ush e oh] Teafid il & foden a1
y-3181 o IR 2
T C=0% fI 80 y= 2 T € W1 Uk UE W ¢ foreht vid et fofg
WEIC=1% fAUaH y=x>+ | Rae y = x> ] Teh THTE y-31&1 o 37 UTcHeh T
T TN 0 T Ww Bl 81 C=— 1,7 foQ, aF y=x2— | Waeld y=x> &l TH
THTE y-31871 o ST RO fEu # TMiaRd s W U gial €1 39 R C,
Y% ¥FHE A oh fau, 9RER
% YAS WIAd H Y y-3T& R H
¥R faen § @ 3 C oF Rl
Tl o fou s waeE &1 i
V-8 H HUTHS fewn H ¥l =
Raadl § 9 S I MR 7.1 H
9t T R
WWEW?WJC=61
SR Hfdeee W R i §1 eThfd 7.1
o g o> 0 foran 21 7 6 a <0
=D TFTQ I T %I afe W x=a
TETH y=x% y=22+1,y=x>+2, \
y=x2—1,y=x>— 2 ®al: fogsti  x A

0
P,P,P,P ,P TR W Hed & \
al g |l fage w D o 20

)

RS T N TR
N N\ N
N N SN N
3 3 3 3
N N N N

iy

. ‘. ‘. ‘.
“ - “ D
<) S gt <)
RN AN > 7O
Syl Sy o 3,
S S S
3 3 3
AN AN AN

dx
7% fafde wtar © for o7 aeft faget
maﬁﬁwﬂ‘%@ﬁw%l xX=a
39 ThI IZxdx=x2+C:Fc ) v’
(W fifSe) @ 9w g € T o TR 7.1

y=F.(x),Ce R,a?i'@sza,?;’lT[
Hiresed fageti W ol 1 Tl @l e € W8l a e R 3w fefefEa wmem
[ f() dx=F(x)+C=y (W wifom) =i & ufear i Frefaa w81 C o fafsr

Tl o 9d 89 39 IRER & fafi= 955 Urd 8 © ok 39 el | 9§ 89 fRe uh
TS o1 T o THR TR ieh UId T Heahd 2| A= Goeher sl S
freqn =8 71
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7.2.2 Iffy=rad qarehert & FY V\Z'UTSWC (Some properties of indefinite integrals)
Y 37 URee] H TH SMYad SHehe o & TUIEHl i = Sl

@®

(i)

frefefad afomdi & Gesf H stesher U GHeH o YehH Tk T o JohH ©:
d
&jf(x)dX:f(x)

iR jf’(x)dx = f(x) + C, 5Bl C T W=s =R 2
Suufa 7 AT fF F, £ 1 T gfaetadhost © stefq

% F) = £(x)

ar [ dx =F) +C
fer ijf(x)dx—i(F(xHC)
dx T dx
- LR =/
7dl YR B9 3Ed ® %

d
f(x) = I S

3R gy [T/ dx =f) + C

& C U Wws oR © f9 g 3R wed €

T 1 SAfYea FHeRe 5ok STeshorst W9 § dehi o U g1 IRaR 1 URd
F € 3R 3@ YRR THged €

SUUfT O AT f TE g TH & Wor ¢ T

d d
&If(x)dx =&Jg(x)dx

g [ Jrwa-[gwa]-o

a7: [redx—[g @) dy=C 5l C ws =t @& 1 (F?)

Agan Jf(x)dx:Jg(x)dx+C
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wufe = % R {[ (0 dx+C,, G eR}
TS {Jg(x)dx+C2,CzeR}W%|
39 JhR If(x)dxﬁ?[g(x)dxﬂﬂ@?ﬂ%l

| oot | wfemi {[ 100 dx+CoCe R} i {[g) dx+C,.C, eR}

TAged 1 WA [ f (x) dx = [ g(x) dx , ferae s o € o wree
Tl Tl B

i) [[£00)+g]de=[f(0dr+ [ g0 dx
suufa g (i) |

Jtrw+ gldr]= @+ g0 ()
= &6 9 € fR

%Uf(x) dx+_[g(x) dx}:%_[f(x) dx+%]g(x) dx = () +g(x) ... (2)

79 YR OEE (ii) o E®ed H (1) SR (2) ¥ ww g ¢ T
J(r@+ew)dr=[rode+ [ g dx

(iv) et aredfers sk, & faw [k f@) de=k [ £(x) dx

soufe e (i)gmdijkf(x)dFk ()
X

v <[k [0 x| =k [ Fedi=k £

TR T (i) BT SN B BT BH U € R [k f() dy=k [ £(x) dx

(v) WO (i) 3R (iv) T £, f,, ..., f, O BT FAR=a He iR et wemnstik
ky ..., k o foQ off sOwiRTe R 1w € st R e e mn R

[k fi@)+hofo () .4 K, f, ()] dx
= k[ G de+ o[ fo () dx+ ..+ k, [ f,() dx
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XU gu w1 gfastasherst 91 & o foU &0 iae 9 T8 %ol i @S &
& TSTerehT stesherst < gan o B 31 el &1 38 Wb ! @iw, S XU g %o
o Ui STaehels A i oh 1T w1 Sl €, sl RI&0T g SHIehe Hed &l 36 8H
F9 I H T T
zareror 1 Fieo fafy &1 ST i gu Fefatad sl s giaeteshast 9 S|

1
(i) cos 2x () 3x% + 4x3 (iii) PEE s 0

&
() B9 T U e H @Sl S Ged © e SaHes! cos 2x e

Y SFd ® T %(sian)chost

ld . i(lsin 2xj
AUl cos 2x = > (sin 2x) = e\ 2

1 .
U cos 2x 1 Tk GfqeTersmelst o sin 2x B
(i) B9 T UH Hor o1 @S K 96d © (9] sTahers 3x2 + 40 2l

3 %(x3+x4)=3x2+4x3

TATAT 342 + 4x° 1 GrasTahas 2 + x* 2l
(i) &9 S §
1

i(logx):l,x>03ﬁTi[log(—x)]:L(—l)z—,)Ko
dx X dx -X X
o A A e e T E = (loghf) = x %0

Wjidx=log|x| , S TR i&uﬁwﬁﬁ@w%
sarevr 2 frAfafed Tameredl &1 9 sifsg

RN 2 2 1
@ fxxz dx @) [ +1)dx (i) J(X3+26"—;)dx
T B9 UMW S B
3
jx _1dx=dex—Ix_2dx (‘lUTHﬁV@I)

2
X
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X
=—+C, - -C
=9 1 _ 2
2
=X—+1+Cl C
2 x
x2
=?+—+C ' C=C —C,Th 3= FHEE 3R 2|
X

Tt | S99 o N Shaw s SW ¥ ), TF gEee oR fadi

(i) =i

j(xi +1)dx= J.xi dx + jdx

(i) aﬁj(x;uex —%)dx=J.x; dx+j2ex dx—jidx
EN

X X
=3 —+2e —logx|+C

—+1
2
2 2
=5xi2e ~log|x+C
IETE0T 3 frAfafed el &l A9 Sy
(1) J.(sinx+cos x) dx (i) J.cosecx(cosecx+cot x) dx
—s1nx
(i) J‘cos X
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g
() =&l

I(sin X +Cos x) dx:Isin X dx + J-cos xdx

= —cosx+sin x+C
(i) =T

I(cosec x (cosec x + cot x) dx = Jcoseczx dx + Jcosec x cot x dx

= —cotx—cosecx+C
(i) =TT

ol

1 sin x
5 dx — J. 5 dx
coS“x oS x

:Jseczx dx — Jtan x sec x dx

=tan x —sec x +C

SARIUT 4 f(x) = 4x° — 6 G YRAT e £ 1 HfasTdshers F A0 shifsy Stel
F(0)=3%1

T f(x) 1 TH G SRS - 6x

<t %(x4—6x) = 4x% — 6, ZAfeIT YfqeTahers F,
F(x) = ¥ — 6x + C, 5 29 & & C 31 2|
fean gom € f F(0) = 3
TGY Y BT © 3=0-6x0+C
31eraT Cc=3

I A giastasme, F (x) = x* — 6x + 3 §1 YR Tk 3Afgdid %o 2 |
feugoit

() &4 2@d ® fF afe £ o1 gfastasherst F @ @ F+C, &l C T 3R 8, 9 £ &0
T iaeTeasheSt 81 39 WK A €W el £ o1 Uk Wiaetdehersl Fod @ dl e
F4 &g ot o= Siest £ o 31d Yfasterhers foa g © f5= F (x) +C,
Ce R% ®9 ¥ eifyeqed fopan <1 Gshel ©1 STganT & TMM=E: T St
Hiceiel i T T SAEYIH Bl © FTEd C o1 e feifyrse o e gren @ @i
reeh afomreasy U g wer &1 U SAfgdia gfasraesheast W e €|
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(i) FR-FHF Fhl yRAH Bor S8 fF TgU8, T, = S, BepohdE,
3R wfaem e, Ses o €9 § oifieued il ST599d ol ¢l s9fau

If(x)dx%WWﬁW%lWﬁ:ﬁﬂWﬁfﬂ@ je‘xzdxaﬁaﬁ
FHE SFHTS § Fifer A& § 76 U9 e 1d T8 % Gehd TSHeh] sfashers
e R
(i) A€ qHhe 1 =R x, & Afafe o1 HIE 8 df GHher & ol IeJaR SdRd
F foIu S €1 See:
4+1

4 y 1 s
dy= +C==y"+C
Jy YT 57

7.2.3 AHAT T GHIHAT ®l dctT (Comparision between differentiation and
integration)

1. < el ) gipard €

2. S Akl o TOTEH i G I © i

d d d
(i) E[klfl(X)+k2fz(X)]=klafl(X)+kzaf2(x)

@) [[k £ @ +k S @]d=k [ @) dxc+k, [ f, () dx
Tk, k, TR B

3. TH e § ¥ WA € T gt e sferherig e Bid 81 Sk gEt YR gt
o HEEhERTE il T Bid 81 BH Sasher 3R AR ol o fou
T Iog wanedl | AR FH|

4. =g et wer o feEhers w1 e € d 98 SAfgdid Bl @ Wg fRdl e
o G oh WY UHN el © qeify of feRdl Fe9 oteR ae Eiftd atfgdid B
¥ srufd frdl wold & 3 GHReA § gAY T 3=’ 1 ¥ Bl B

5. =fg fepdl SgUL Hel P ohl Sfeeho fehal Sl € dl IROMHE®Y Tsh THl 9gus
Tt @ fSet =1d 9gus Pl 1d 9@ U %7 2l 21 S« fohel 9gus wer P
HT G fomal ST © df IRUMHETEY TH U9 SgUs I el @ forgent =
9EUE Pl A W Wk At Bl 2

6. 9 TS HI T Tk g W Fd & WG GUHe Sl == Th g W e
Tl 2t g9 XU gY ®er o GHMRSH w1 W=l SH el W wW ® N9 W
AR R gl © Si|en g9 ufites] 7.7 | == sl
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Teh el oh STaehelsl i SAHdrg o1l off g € 519 for fXu 3¢ 9% o XU g
fog ™ Tl 3@ *T yaur, 39 foIg W wed o STahas] o A oF e gl
21 T TR T g Fer w1 AT THRCH Th S oh GHIR feord ot o
IRER i e s ©, 5o gaehe o = %1 eid w6 ol 318 %
ITele 3@ o gt Skl o gfdesed fagell ® wael @ gwieR g ?)

o Hifdes g A I | SFashers 1 STAN Bl © SSE0: fRE w1 g
forddt g H @ A E @ A 9@ R A Ry T oy o9 9 9| e o
HeThels Hed Bl 81 39 YhR fohelt wHg 1 afE o 3@ © @ Ry 7y wwa
¥ 99 g 9 F o AU Gaeher 1 STE g 2l

HeTheAS Uk U YA © e = o1 Wi weifed @ S S YER 1 9
FaEReE 9 off wwifed © foees a) o eq uiess 7.7 ® stemda i

Ihe T GHhCH o YohH T O oh Sfohd © oid foh iR 7.2.2 () H
<=t T ST g B

[ wroatet 7.1 |

frafafad sl o gfaetasmas (FHeRaR) e fafy grr 3@ sifsa

1. sin2x 2. cos 3x 3. e*

4. (ax + by 5. sin 2x — 4 &*
fr=fafeq Tamere &1 Ja Hife;

1
3x 2 1__ d 2
6. J@eenar 7 [PU-5)de 5 @ vhxvoydr

9.

12

15

17

19.

2
1 3 2_
I(2x2+ex)dx 10. J-(\/;—Tj dx 11. J.L;Hldx
X

X

3 32

x +3x+4 X —=x"+x-1

dex 13. dex 14. [ -x)Vx dx
J.\/;(3x2+2x+3)dx 16. I(Zx—3005x+ex)dx
J.(2x2—3sinx+5\/;)dx 18. Isecx(secx+tanx)dx

2
sec” x — 3si
J L dx 20. J‘Z SSlnxdx
cosec” x cos? x
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T3 21 TS 22 H G W T FIT Hifog:
1

21, | Vr+— | =1 wfrermas
Jx

P! 2 21
(A) 5x3+2x2+c (B) 5x3 +5x2+c

R 33 11
(©) §x2+2x2+C (D) 5x2+5x2+C

22. aﬁ:%f@)ﬂf—%ﬁuﬁ Q) =0T f(x)=:
X

4 129 3 129

(A) X'+ (B) X +—+——
8 8

C x4+i+g D x3+i_g
© X Hotg (D) ¥ +——g

7.3 HHThe <kt fafe@t (Methods of Integration)

frzet U=a] ¥ T U¥ UWhel i a9t Hi off, S @ Temi o Sashers 9
Teragde 9 T S geRd €1 78 R woenenfta fafer off, s 09 oM F et
ISl 1 Sl @ TSkt 1ahorst £ S99 £ o GHIhe i Wi et &1 qenfy friero
W i 78 fafyr o B 1 feefa o sga Sfea 7 21 ora: qeherl i g
w7 § gEfdd wd g€ 3= A A o fau g9 sifafea fafvmi fawfaa &0 =+t
eIl 81 3 qeA fafeml frefofeaa w enuifia 2:

1. YfqeA9" R HHheH

2. o7tk o= o fooisH g wHehe

3. @e9: HHhOA

7.3.1 Gfaeema= gRT TEIHeAT (Integration by substitution)
39 39 U= § 70 wfazerms fafy g oomee W foeR &3 @dd SR ox & °

aftafita BT % o x= g () wfmenfon S gy U T wEem [ f () dx e
wq H ufafda fean S g 21

1= [ £(x) dx R foram e
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1 = o) et Ao A S = (0

BH dx = g(1) dt T 2l

T YR 1= [f(x)dx=[f{g(O}g"(t) dt

ST 51 HaTsher o fag 78 =R 9fiedd 1 ¥ AR UE SUce U HEe Ul
T 1 STAFT R 1 BT SHRT SN TR 99T Teeyul 21 WIe=Id: B9 U

T o o fou gfaeeme &3 & et sashas o gaehed § wifad &, s fe
freferfiaa Sl gr1 o fehan T ©

IEEI0T 5 FAfafEd B &1 x oF 9Ue THRAT HIfST

tan4 X sec2 \/;

(1) sinmx (i) 2xsin (x> + 1) (iii)

Jx

. sin (tan™! x)
1V —_—
@) 1+ x2
'
() B9 SFA 2 T mx 1 SEFHAS m | 3Td: BH mx = ¢ IGEATH F B, 0

mdx = dt

) 1¢. 1 1
ELS 1Y Jsmmxdxz—_[smtdt =——cost+C =— —cosmx +C
m m m

(i) x>+ 1 % SFTRAS 2x 2l 3Td: BH &2+ | = + o UFACATTH 1 YA L & ek

2x dx = dt

WJszin(x2+l)dx=jsintdt = —cost+C =-cos(x*+ 1)+ C
lx_%_L%
(iii) \/}Emaqawaz 2 Ix | 37d: B°

Jr=i % e S w5 E At 21[dx=dr R de = 21 di
X

T el € |

J-tan4 x sec? Jx dr= J- tan*t sec’t 2¢ dt

Jx t

= 2J-tan4t sec’t dt
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R @ B0 SH AR tan 1 = u FA € @ sec? 1 dr = du

5

Bl 2J‘tan4t sec’t dt:2ju4 du = 2u?+C

[\

= Ztan’ 1+ C (Fifh u = tan 1)

l\)Ul

Z tan’ Jx + C (FifF 1 =+/x)

9}

4 2

3Ad: Jtan \/_\/S_CC \/_ —%tanS\/_+C
X

faereaa: tan J}:;uﬁwmﬁﬁrq

(iv) tan™'x T STFE | 2%|3ﬁ FH tan~! x = ¢ FTEITTT 1 STAN % © dleh

dx
1+ %2 = di
sin (tan™
WJI ( x) J-smtdt =—-cost+C =—cos (tan"'x) + C
1+ x°

I BH P He@yUl GHMCHl o d BrepiofidE el SR SR wHEieR
TR 1 YA gfaeeras fafy | feer mn ), W == 9 B

1 Jtan xdx= log|sec x| +C

sin x

T U %ﬁjtan xdx= -[cos . dx

cos x = ¢, gfazenfua ifST aife sin x dx = — dr
qd Itanxdx:—J.%:—logM+C:—log|cosx|+C
3ran Itan x dx =log|sec x| + C

(i) Icotxdx=log|sinx|+C

5 dx

g-qqﬁgﬁjlcotxdx I

sin x
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sin x = ¢ FfaEATTYd HIfST dIfeh cos x dx = drt
dt
ad Jcotxdx—IT
= log|t|+C
= log|sin x|+C
(ii1) Isecxdx:log|sec X+ tan x|+C

sec x (sec x + tan x) dx

=0 74 %ﬁ,jsecxdx:‘[

sec x + tan x = ¢ Yfawenfuq FH W sec x (tan x + sec x) dx = dt

Sec x +tan x

BRI Jsecxdx:_[%:log|t|+C=10g|secx+tan x|+C

@iv) jcosec x dx =log |cosec x — cot x| + C

cosec x(cosec x +cot x
g Ud 2 Icosecx dxzj ( )a’x
’ (cosec x +cot x)

cosec x + cot x = ¢ FfaLenfud shifsu

qifeh— cosec x (cot x + cosec x) dx = dt

BRIy Icosecx dx:—jﬁz—logltlz—loglcosecx+coth+C
t

|008602 X — COt2 x|
+C

= —log
| cosec x —cot x |

= log |cosec X —cot x| +C

1

. . 3 2 . " dx dx

(i) Ism xcos” xdx (i) Isin (c+a) (i) Il+tanx
&

@) B Isin3 x cos’x dx = Isinz x cos?x (sin x) dx

= I(l - coszx) cos’x (sin x) dx
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f = cos x UAEAYd SHiTSIT Mk df = — sin x dx
TfAY Isinzx cos’x (sin x) dx = —j(l — ) dt
35
t t
" —t)dt=—| ———|+C
[ -1 [3 5}
—lcos3x+lcossx+C
3 5

(i) x+a=r9faeenfia #H W dx=dr

sin x J-sm (t -

wafe |

sin (x+a) sin ¢

dt

Isintcosa—costsina

sin ¢

cos a jdt —sina jcot tdt

(cosa)t—(sina) [log |sin t| + C1]

= (cos a) (x+a) —(sin a) [log |sin (x+ a)| + C1]

xcosa+acosa-(sin a) log |sin (x+ a)| -C;sina

_[ sin x . )
d: sin (x + @) —xcosa—s1na10g|5ln (X+a)|+C
=k C=-C, sina+acosa, Th 3 WoF T 3

_[ _ _[ cos x dx
(iif) 1+ tan x COS X + sin x

1J-(cosx+sinx+cosx—sinx)dx
- COs X +sin x

_ lj‘dx_l_lj‘cosx—s%nxdx
2 COS X +sin x

x C, J-cosx—smx
2

= 2 - (1)

COoS x +SIn x
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1 937 9% o Y9 ° T el 1 GHIhe 1 shifsg|

12.

15.

18.

21.

Ad

I= jcosx Smxd R faER Fif |

€oS X +sin x

Ad

ESIS

I3 (1) § @& e 94 &

[ xS
l+tanx 2 2

*
22

C
og|cosx+sm x|+?+

1 : C,
+—log |cos X+ sin x| +—=
2 2

G
2

= E+llog|cosx+sin x|+C, C:&+
2 2 2

2x
1+ x°

. sin x sin (cos x)

. JJax+Db

c (Ax+2) X2 +x+1

1

=13 X°

X

9 — 4y’

et(m’lx

1+ x°

tan®> (2x — 3)

| et 7.2 |
2
1
5. (logx)’ 3.
X
5. sin (ax+b) cos (ax + b)
7. x/x+2 8.
1
10. x—\/; 11.
2
13. 2+320) 14.
16. o2v+3 17.
2X_1
19. N 20.
22. sec? (7 — 4x) 23.
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COS X + sin x = ¢ FfaLAfyd hifed Ak (=sin x + cos x) dx = dr

I=J.%=10g|t|+C2= log |cos x + sin x|+ C,

G
2
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2cos x — 3sin x 1 cos\/;
24, —M8M8M 25. 5 5 6.
6cos x +4sin x cos“x (1 —tan x) \/;
COS X
27. \/sin 2x cos 2x 28. m 29. cotx log sin x
30, 0~ 3. — 32,
1+cos x (1+cosx) 1+ cot x
2
1 tan 1+log x
33. 34, NEIX 35, Utlogx)
1—tan x sin x cos x X
+D(x+1 2 x’sin (tan~'x*
36, GHD0xtloga)y o 'sin an”'')
X 1+

Y9 38 TH 39 § WEl W h1 I hIfS0:
10x° +10% log, dx

38. I = TR B
x +10
(A) 106=x""+C B) 10+ x°+C
(©) (0F=x""'+C (D) log (10" + x'% + C
dx
39 Jsin2 X C0S? X = ¥
(A) tanx+cotx+C (B) tanx—cotx + C
(C) tanxcotx+C (D) tan x —cot2x + C

7.3.2 fIwivrfudia @d-afuesrel & IUGNT gRT WHIkeT (Integration using

trigonometric identities)

S g H F9 Brerivfda wer ffed g €, df g9 areher 91 %3 % T 3w
A AR 1 YA i © w1 for Frefafad SEeLl o g SHerE T4 B

samgtor 7 fefafad & 3@ sifse
1) J-coszx dx (i) J-sin 2x cos 3x dx (iii) J-sin3x dx

&'
(i) TIEESRT cos 2x =2 cos? x — 1 Tl RO hifew fSad

cos’x =WWW%I
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BRIy Jcoszxdx:%_[(l+cos 2x) dx = %de+%jcos 2x dx

X .
+—sin2x+C

2

N

(i) T sin x cos y = %[sin(x+y)+sin(x—y)],aﬁwmaﬁﬁrq

GEl Jsin 2x cos 3xdx=%“sin 5x dx—jsinxdx]

l[—lc035x+cosx}+c
21 5

—icos5x+lcosx+C

(iii) FeHfHeRT sin 3x = 3 sin x — 4 sin’x ¥ 89 UQ ® R

. 3 3sin x—sin3x
sin"x=———"-
4

wfery  [sin’x dx:% [sin x dx —i‘[sin 3x dx

—%cos x+icos3x+C

ICETE LR Isin3x dx—jsinzx sin x dx = I(l—coszx) sin x dx
cos x =t W@ T — sin x dx = dt

BRIy Isin3xdx=—-[(1—t2)dt

3

—_[dt+_[t2 dt=—t+%+C

1
—cosx+§cos3x+C

feoguit frmrorfidta gd-afrshmsti s STAN w0 §Y e I <1 Tehal € Fof Sl ST
T B

| woraett 7.3 |
1922 TF & U9 § YIS e H1 UGS G i)
1. sin>(2x+5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. siP 2x+ 1) 5. sin’® x cos® x 6. sin x sin 2x sin 3x
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. . 1—cosx COS X
7. sin4x sin 8x 8. 1+ cos x 9. 1+ cos x
. sin® x
10. sin*x 11. cos* 2x 12.
1+ cos x
Cos 2x — cos 2¢¢ oS X —sin x
13. ——— 14. —1 2 15. tan® 2x sec 2x
COS X — COS & +sin Zx
sin® x + cos® x cos 2x + 2sin’x
16. tan*x 17. ——= > — 18, —————
sin“ x cos” x cos” x
1 cos 2x
. 3 . . 2 . sin !
19 in xcos'x 20 (cos x +sin x) 21 sin =" (cos x)
1
22.

cos (x—a)cos(x—b)
YT 23 WA 24 H WEI SW H 9T FHiwQ

2 2
sin® X —cos” X
———————dX SO %:
23 J sin? x cos? x
(A) tanx+cotx+C (B) tan x + cosec x + C
(C) —tanx+cotx+ C (D) tanx+secx + C
e*(1+x)
= =77 X R B:
24 Jcos2 (e*X)
(A) —cot (ex) + C (B) tan (xe¥) + C
(C) tan (&) + C (D) cot () + C

7.4 % fafyre weri o Turehe (Integrals of Some Particular Functions)
79 1] o 70 fefafed seaql gumhe T w1 SR F:3 $iX 9gd ¥ W
G WU FAEheH! Sl A i | ST TR S|

dx 1 dx 1

1 =—1lo +C 2 =—7Io
D sz—az s 2) J‘az—xz 2a £

X—a at+x

+C

a—x

X+‘VX2 —a2

X+a

+C

dx 1, x de  _
=—tan  —+C ———=r=log
) Ixz +a> a a @ J«/xz —a’

2022-23



HHTh AT 325

=sin 1—+C x+Vx2+a*|+C

=log

d.
O e ﬁ (©) I—sz_%z

319 &9 Wi uRomEl o fag e 2

1 1
(1) &1 5 efF 5=

x*—a° (@x-a)(x+a)
i (x+a)—(x—a) _i{ 1 B 1 }
2a| (x—a)(x+a) " 2a|x-a x+a
g dx 1 dx
sz—az ZDX a_-[x+a}

:Z[log|(x—a)|—log|(x+a)|]+C

1y
" 2a g x+a

(2) W (1) o 9N &4 I ¢ f&%
I _1i@+tn+(a-x 1] 1 1
a’*—x* 2a| (a+x)(a—x) ZZ[a—x+a+x}

BRI Iazd_xzzih - +] dx}

X—a

+C

x° 2al|l'a-x ‘a+x
1
= Z[—log|a—x|+log|a+x|]+c

1
- —1lo
2a g

a+t+x
+C

a—x

(1) ¥ ST &1 T fafy # oren e 7.5 § #1 ST

(3) x=atan 0TI W dx =a sec’ 0 do

ufer J- dx _J- a sec’ 0 do

x> +a’ a® tan’0 + a*

- —jde=—e+c=ltan-1f+c
a a a a
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(4) "M TNT x = a secO T dx = a sec 6 tan 6 d

J- dx :J- asecOtan0 do
\/x2 —-a? \/a2 sec’0—a’

= Jsece do =1log [sech + tan6 |+C,

2

_ log ﬁ+‘/x—2—1
a a

= log| x+Vx*—a —log|a|+C1

= log| x+vx* —a’ +C,GI%'TC:C1—10g|a|

(5) O eifSef® x=asin 8T dx = a cos 6 do

dx____acos®dd _ _ax
B '[\/az—xz —J.\/ _Jd9—9+C_sm a+C

a® —a® sin%0

+C,

LS}

(6) T TifT ff x=atan 6 9 dx = a sec?® dO

a sec’0 do

a® tan’0 +a*

S o i

= jsec@ do = log |(sec@ + tan 6)| +C,

[2
= log R x_2+1
a a

= log x+vx*+a’

= log [x +Vx* + d*

= grEIfoTeh YA oh YA W 319 ¥H F9 SR G U H § S STIA *T g
T ST B SISO GHTRCHT T A Hd i oh folt geht dienm wamT fohan s
Herdl B

+C,

—log |a| +C,

+C, S C =C, - logd]
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(7) Wj—aﬂmﬁéafwz%ﬂ

ax“ +bx+c’

2
ax> +bx+ ¢ = a[x2+2x+£}=c{[x+ij +[£——J]T\H@ﬁ %I
a a 2a a 4a*

¢ P ‘
A9 x+i:t1'@af ™ dx:dtQHg—F:ikz faed 8¢ B9 W € f
a

2a

c b’

[———Jéaﬁgmﬁﬁwaﬂﬁgqagmw I & ®9 T qiafdd

ﬁw%aﬁiwwmmaﬁmmm%

dx .
(8) Jmﬁw%wﬁaﬂw&m(nﬁuﬁmm
T WHIT0Teh T3l o1 SUA hich HHIshe 1 fehal S ehell 2

®) .[ax +bx+cdx &l p,q,a,b, c 3= E, o GHR o GHEHE T B o (T

T Ut 3 aredfass et AdAl B 9d % © difh
px+q=Adi(ax2+bx+c)+B=A(2ax+b)+B
X

ATl B, 91 & o I &H ST Uell ¥ x ok TNl T TRl %1 FHM i B
AT B A1 & SH R GHhE A1 W &9 § ufiafid g s 2l

M,%w&wmmmwéﬁmm(g)aﬁqﬁ

10
(10 J‘\/axz+bx+c
M 9gd © 3R WHIERe I T W ® 6 9 gietdd s 2

aEu S fafeal ol o Sl %1 e ° wHe €
zarer 8 frefafad gaeher 1 A hifsg

. dx
) I 2 16 (i) jm
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&'
. o dx dx _l x—4
O ] o=l = gl 74
dx
(i) =
I2x x I,/l—(x—l)2
x—1=71T@EH Rdx =dt
d d
ERSIIGLY I\/z al - :I\/l ttz =sin"' (1)+C [7.4 (5) 9]
X—X —
=sin' (x=D+C

3are0r 9 frAfafed HeRel &1 A i)

J i | dx IL
@ —6x+13 W ) a0 W V52 o
&

() aﬁxz—6x+13=x2—6x+32—32+13:(x—3)2+4

1

WTFTQ dx
I —6x+13 I(,5_3)2+22
qﬁ?ﬁﬁl@x 3=¢tdd dx=dt
1t
gm%ﬂ; = =—tan —+C
J —6x+13 J; 2422 2 2 (74 3) ¥
:ltan_lx_3+C

(i) e gen wHEher 7.4(7) % ®9 1 €| B9 HHhed o el S EtarEd IR
g fored
13x 10

3x°+13x=10=3| x> +— - —
3 3

A (2] e

1 dx
32 +13x—10 3 13V (17Y
x+— | - —
6 6
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13
CEE | x+€=tmﬁuzw=m

J dx _1 dt
3x* +13x-10 3t2[nj

+C, [7.4 (i) 9]

6x—4
6x+30

1 x 6 6 1
=—log|———={+C, = —lo
g 1= 17 g

‘+C1

1 1
——1lo +C, +—log—
g T g3

1 1
=_10 +C = C +_1 —
17 g +5 , where C 1T 0og 3

1
Eic| x—g=t1@ﬁ¢{ dx = dt

dt

wm f%%fﬁ
5
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1 I, (1Y
= —=log|t+ tz—(—j +C (7.4 (4) 9]
5 5
1 1 2x
- —log|x——+ [x* ===
5 5 5

IETET0T 10 TreAfafad gaeheri sl Fd hifsg

+C

J x+2 B I x+3
UN Pyerr W s —ar— 2
'

() G 7.4(9) 1 SYAT HT T A AWeTH HLd &

Y42 = Aj (zx +6x+5)+B - A(4x+6)+B

A el T x ok Ol T SR HI HEH FHE WY UQ T

1 1
4A=1TAM6A+B =2 31 A=Zaﬁ?B:§

x+2 1 4x+6 1 dx
LAY S
2x“+6x+5 472x°+6x+5 292x°+6x+5

s |

1.1
= ZI‘+512 CIERSIIELY) (D
LH, 202+ 6x+5=1 @ W (4x +6) dx=dt

zgf II=I%=10g|t|+C1=logl2x2+6x+5I+C1 . (2)

dx 1 dx 1 dx
R QZJ 2 Y =_J 2 2
2x°+6x+5 2 x2+3x+% 2 [x+3) +[1)

G x+%:t,@ﬁq'{dx=dt,€'qtﬁﬁ%
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1
I,=— j - tan~'2r +C, (7.4 (3) 9]

= tan_IZ(x+%]+C2 = tan"' (2x+3)+C, (3

(2) 3R (3) 13997 (1) § & WeH TQ ©
J x+2
2x* +6x+5
o C G,

S8l C—T'FZ

I8 G 7.4 (10) % €9 § 2| U 43 hl F=fciEad &9 § Afqered
F B

dx=ilog‘2x2 +6x+5‘+%tan_l(2x+3)+C,

x+3:Adi(5—4x—x2)+B “A(4-20)+B

X

A vell | x ok O] T TRl Sl WHH i W EH U ©
—2A=13R-4A+B=3,

arefiq :—% B =1

4— 2x dx

J.\/S dx—x° J.\/S 4x—x*

N

1
= -5 L +L, (D)

ILHS—dx—x*=1,TH W(-4-2x) dx=dt

4— 2x dx dt
e 1 = = i +C,
J.\/5 4x—x* J.

= 2\5-4x- x> +C e (2)

forem =ifsig

- I =_[ X =_[ dx
P s—an— oo (er2)
X+2=tT@ W dx=dt
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dt .t
zafere Izzjﬁzsul 1§+C2 [7.4 (5) 9]
= sin‘1%2+c2 .. (3)

TR (2) TS (3) & (1) H yfaeenfia 9 W 89

J-L32=—4/5—4x—x2 +sin‘1%2+c W Y €, STl c=cz—%
V5—-4x—x

| vttt 7.4 |
YT 1 9 23 T o Hol 1 GHRAT hiToa)
3x2 1 ;
2. 3. 2
x®+1 VI+4x (2-x) +1
p——— 5, % PR ¥
T 9-25x2 1+2x* 1-x°
x—1 x2 sec’x
7. 8. — 9., T/——
-1 X +a N tan’x + 4
1 1 1
10. 11. ——— 12.
Nt +2x+2 9x> +6x+5 NT—6x—x2
RS S 1 S S
13 (x-1)(x-2) 14 43— x 15 (x—a)(x-b)
4x+1 x+2 5y—2
16. 2x% +x-3 17 -1 18. 1+42x+3x2
6x+7 x+2 x+2
19. 20. 21.
(x—5)(x—4) dx—x? Vat+2x+3
x+3 S5x+3
22. 23.
X2 -2x-5 3 2 +4x+10
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YT 24 TH 25 § TEl W HT 9I7 HIfST:

24. Jz—amar{ T
X+ 2X+2
(A) xtan'(x+1)+C B) tan' (x+ 1)+ C
C) x+Dtan'x +C (D) tan"'x + C
2. | X d
VOx—4x°
(A) lsinl(gx_8j+c (B) lsinl(gx_9]+c
9 8 2 9
o af9x-8 lsin_l(gx_gj+c
©) gsm ( ] j+C (D) > 9
7.5 31ifYreR =t gRT WuTeRe™ (Integration by Partial Fractions)

P(
TR HifST fF T 9T wem Q(x) T SgUSl o ST o ®9 H qRIfod foman S

2 &l P(x) T Qx), x H 9ETE € e Q(x) # 0. A P(x) H1 =1 Q(x) 1 o & %7
2, A1 UG wor Sfad qRET The wed § o= faum IiHg wor wean | faum
Ui g oql i ot 9n7 fafy g sfaa oiua wed & w9 § fafdd fear s g

P(x) WWW% q @_T( )+P(x) S T(x) x ¥
Q(x) Qx) Q)

T Sfed uREE e €1 B9 W € foh U Sgug ol THIehe

21 9 THR AR

@E@E%@WQ()

*9 fwar s 7, ofa: ford «ft aREy woe 1 9aehed fRet 3fad 9REd %o &
G 1 G o &9 H gfafdd 8 S 21 e W ew {5 ufiia werl o aHrener
W faEr wiT, ma%@aﬁxmmﬁmmwm

e ofee j dxmmammamﬁ% i P & 3faa aREa

e Bl Tk fafy, ﬁ@w&wfﬁﬁﬁaﬁm%w@ww% 1 werd 9§ fiu
T TARCT 1 RO GREF ol o IR & &9 H foa@n S 99a 21 39k 99
e W@ fafuel 1 Sewar ¥ WHheM Wedgds R 1 wwa @1 fefafed
groft 7.2 fafds wxdt 7, fF fafe=r gR & afda werl & @1 fvg 9N o o
s7ifersh fa=ii i Tearg foran ST wHa 2
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Rl 7.2

R | URAT Wed o ® Y ifoTeR Rt @1 ®
Lo P sy A LB

' (x—a)(x-b)’ x—a x-b

, px+q A B .

i (x-a)’ X—d (x—a)

3 pxlgx+r A n B N C

’ (x—a)(x=b)(x—c) x—a x-b x-c
A pxE+qx+r A B €
’ (x—a)z(x—b) xX—a (x—a)2 x—b
< px’ +qx+r A Br+C

' (x—a) (x> +bx+c) x—a x4bx+c

SET 12 + bx + ¢ 1 3R A UGS T fRA S Hehdl

Sude Gt § A, B Ud C arfass wend € et sfaa fafa 9 9m 2

3ETguT 11 Im 1 HH A it

&1 fean gen wuthed ww Sfud uiwa wed @ safew enfys fo=i o w9
[ETOT 7.2 (i)], 1 ST Hd gC, &

1 A B w (1)
x+Dx+2) x+1 x+2
el A 3R B ar&ifesh Head § el e sfea fafu o @ & 21 g9 ud €
1=A(x+2)+Bx+1)
x % TOTRT T TR TS kI FEE h R TH T §

A+B=0
@ 2A+B=1
T THIRON A FE WEH A=13R B=— 19 &l 2

1 1 +—1
x+D(x+2) x+1 x+2

T YHR U (TEfared €9 § S Bl
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: dx dx dx
J(x+1)(x+2) - -[x+1_Jx+2
= log|x+1|—log|x+2|+C = log i:; +C

froguit U TRl (1) Uk Geaiie © e1efq Tk TH e S x ok qeft Tl
eft AT o fIT 1 81 F® oiEe Hobd =1 SYAN J8 < ok g & ® T fean
TN HUA T TIHHH ¢ SR Hohd = 1 ST I8 T o foaw w § R famm gen
FHUA Teh THIH © 270iq 78 <9 o fow fom fan gen som x o fafvea oml & forg
T 2

X2 +1

IR 12 Imdxmmaﬁﬁﬁm
X —JX

2 +1

m@sﬁﬁwﬁﬁﬂwﬁéwgﬂxulaﬁ
X—5x+6% UM FW § AN EH UG ¢ fF

X2 +1 5x-5 5x-5
> =l+— =1+
x°=5x+6 x°—=5x+6 x-2)(x-3)

TA Tl T

5x-5 ___A B
R UE L R S S S

GlED 5x-5=A(x=-3)+Bx-2)
T gel W x o TOTshi TS 3R TSI ol GHM i W EH Ud € A+ B =5 3R
3A +2B =5.

T TR0 i B hiH W EH
A=-5 3R B=109< & 2l

2 +1 5 10
1 +

3Ad: =1—
X2 -5x+6 x-2 x-3
2
x +1 1 dx
TgferT — = dx=|dx-5 dx+10
Ix2—5x+6 I Ix—z Ix—3

=x-5loglx— 2|+ 10 log|x -3+ C
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IETET 13 Iidxmmamﬁﬁm
(x+1)*(x+3)

WWEWWWIMM‘}H%{Q@QW@FWW%I 37d: BH

3-2 _ A B
x+D*(x+3) x+1 (x+1)* x+3

fored &

afd 3x-2=Ax+ D x+3)+Bx+3)+C (x+ 1)

=AWW+4x+3)+BEx+3)+C > +2x+1)
Tl el @ 2ok UL, x o TN T =R TG 1 gl S W I B TR
A+C=0,4A+B +2C =33 3A + 3B + C = — 2 37 GH{HN i 1 H W &H

A=l B_ﬁﬁyczﬂm%lwwwﬁwﬁ@ﬁmﬁmmél
4

4
-2 115 1
+D2(x+3)  4@+D) 2(x+1)? 4(x+3)
= 3X—-2 11 dx
J(x+1)2(x+3) - 7 x+17_j(x+1) e
:174110g|X+1|+2(x+1)—174110g|x+3|+c
=E x+1 > +C
4 x+3| 2(x+1)
2
X
SEUALY 14Jm x 1AM F1d SIS
2
X
Wmﬂﬁ?ﬁﬁnaﬁ?xkyrf@q
Xz _ y
™ W+ +4) G+D+4)
2 A % e § ffin

G+D(y+4) y+1+y 4
GIED y=AGyY+4)+B@Hy+1)
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Tl el @y oh TUNshl TS SR UE) i ol il WEH Ud € A+ B =131
4A + B =0, foo@ urw gran €

A:—% aﬁT B=£

3
x? 1 4
S 2 2 =752 L2
x+DH " +4 3(x"+1) 3(x"+4)
f x2dx 1
J-(X2+1)(X2+4)= 7§J‘x +1 _‘Ix +4

= —ltan_1x+£-ltan_1£+c
3 32 2

= —ltan_1x+ztan_1£+c
3 2

ST 33T H haa AfTw 9= a1t 9 o faw gfaeerds foeen o on 9 f
A 9Tl 9 % Ul 3719 eH U UH SR F1 wEl i € o gHmehe o
fore wfeeemes fafy o enfyres st fafa 91 61 999 €9 @ W= o w0 )

(3sin ¢ —2)cos ¢
cos’) — 4 sin ¢

SETEIT 15 j d¢ 1 9 A it

T WA SIS y = sing
qd dy =cosd do

J- (3 sin¢ — 2)cos(|) J- By - 2) dy
5—cos’p—4 sinq) 5-(1-y*) -4y

_J‘ 3)/ 2 =J'3y722:I (qﬁ?’ﬁm)

4y+4 (y—2)
3y-2 A
SR o & ROt 7.2 (2) ©
(y_2) e ot o 2) [ (2) ¥]
zHfeTy 3y-2=A(-2)+B

A el ¥y TN T SR TRl I qoil 1 W BH UM B, A=3Td
B-2A=-2,T599 84 A=3T1d B =49« gl 2l
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Tl e1efie THTeher fefefaa &9 o 9w g 2

I=j[i+ ! y_3j dy +4j

(y2)

4
2—sin ¢

+C

3log| y—2|+4£—LJ+C = 3log| sin 9—2|+
y=2

310g(2—sin¢)+2_j ¢+C (e 2 — sin ¢ THI AHF T)

x> +x+1dx
3alglUl 16 |——————— <l HH % eyl
J(x+2)(x2+1) =

o e gen wHehed U Sfud uRHd e 21 UREd e ol enifves fae o
femfed ®ed & [EROf 2.2(5)]1

x+x+1 a A +Bx+C
CHD(x+2)  x+2 (P +1)

Eiigly P+x+1=A+1D)+Bx+C) (x+2)
T Tel W x2Sk T[UTRI, x oF TOThI TS TR TSI i qol I W TH A+ B =1,
JB+C=13RA+2C=19d & 2l

s?wﬂwﬁaﬁwwﬁmmAzg,Bzg,czétrﬁ%
T YR TR MEfarEd ®9 § w2l ©
2 1
P +x+1 3 +§x+g 3 l(2x+lj
G+ (x+2)  5G+2) X +1 Sx+2) S5\xP+1
- J X2+ Xx+1 ‘_J J +_J N
(x2+1)(x+2) x+2 5 x? +1 5Jx%+1

98]

-1

—log|x+2|+ log‘x +1‘+—tan x+C

5

2022-23



HHTh T 339

| vt 7.5 |
1 921 9% 5 99 | 9RET HeHl 1 THRAT HifT)
" X 5 1 3x -1
T+ D) (x+2) "X -9 5 (x=1)(x=2)(x-3)
4 X 2x
S oD@ -2)(x-3) S
6 1—x? X X
Tox(1-2%) 7 W+ x=1) . x-17 (x+2)
. 3x+5 ; 2x—3 5x
X X —x+l 0. (=1 2x+3) 1. x+1) (x> —4)
X+ x+1 2 3x-1
12. o 13. Y 14. 12
1 1 ) L
15, —— 16. D [k : 3191 T Bl x| QW O HITSC R
X' =t {Eu
CoS x . )
17. (1—sin x) (2 —sin x) [ﬂﬁﬁl:smxzﬂf@l]
18 G2HD (7 +2) Ly o, 1
P43 (P +4) TP HD) (P +3) T x et -
21. ! [Hehd: ¢ = ¢ WEy]
(e" -1

99 22 UE 23 H WE SW HT T SISl
d
[—5— s £

(x-1D(x=2)
2 2
(A) log| = ¢ (B) log| =2 ¢
x—2 X—
x—l2
(C) log (Ej +C (D) log|(x—l)(x—2)|+C
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23, dx
) x(x2+1)

(A) 10g|x|—%10g(x2+1)+C (B) 10g|x|+%10g(x2+1)+C

1
(C) —log |x|+%log (x*+1)+C (D) 510g|x|+10g @+ +C

7.6 GSIT: WHTehe (Integration by Parts)

79 U] H W "o #1 U SR fafy &1 == w8 S fF < werl o qoewd
HT G FE § Tgd SuEnt 2
I Tehet =R x (AH AT F 0 3R v & SFhet 19 e € Al STk o TUHhe
o & ogaR B9 e € R
d dv  du
— () =u—+v—
dx dx  dx
AT Wl w1 R H W W W § R

uv:".u% dx+".v% dx

dv du
A u—dx=uv—|v—dx .. (1
I dx I dx M

M efifsg R u:f(x)?::ﬁ'{%=g(x)ﬂa

%=f’ (x) SR v = Jg(X) dx
X
Tafe gefieRor (1) i fFrefafed &9 § foan st gear €
[ g @de=f@ [¢de-[[]g ) dx () dx

et [ g@dr=f@) [g @ de-[[f (0 [g) dxldx
If% TH £ 1 YT Fe IR gl TEU e UF o df 36 g H Frefatad 9
H e foman 1 wehe €1
“F el ok UGS 1 G = (FUH Hed) x (f5da w1 THhe) —

[(92H ®ed 1 SAdshar Tuneh) x (Tgd™ e o1 HHRer)] Sl FHThe
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SO 17 [xcos xdy 1 WA W i)

TA F(x) = x (FU9 ) 3R g (x) = cos x (g et Waw| 70 @ew: THwe d
e Bl @ TR

jxcos X dx:xjcos xdx— j[%(x) jcos x dx] dx

=xsinx—_[sinxdx=xsinx+cosx+C
H AT fF 89 f(x) =cosx T g (x) =x od & ad
d
jxcosxdx:cosxjxdx—j[a(cosx)jxdx]dx
X . X
= (cos x)?+Jsm x?dx
T YHR TH @A ¢ foh WHEHEM [ x cos x dx , THIHR M2 xH] A W
oo Sty Hisd TaeRed | uRafdd 81 Sl 21 SHfa g wer 1w fgdid wer @
3fed =g Aoyl 21
feauit
1. I8 9o ¥, ff T gamher < werl & Uk w1 qeft feefaat § v
T €, s [V sin xdx Y feerft § w7 fofa wm T w2 gwwm
FRU T8 ¢ Th UET IS Teld ik | &1 8l © &1 stashersi/x sin x Bl

2. o <ifeu & fgda we 1 THhad 1 S T9T 94 iz T 3TeR
Tt Strer o Afg g9 Tt wem cos x o U &I sinx +k, o €9 § foad
&, el ki 3R ¥, 7

Ixcosxdxzx(sin x+k)—j(sin x+k)dx

= x(sinx+k)—jsinxdx—Jkdx

= x(sin x+k)+cosx—kx+C = xsinx+cos x+C

€ T B o Gew: Tueher fafy o w9 sifan 9Romg 3 s ok foe
fgda wer o HEhe H eTR w1 Se = @)

3. WE: A R Wl x ! S oF 9 H € 3196l x 1 9gUS ¢ Al g9 39 Hem
e o ®9 0 o €1 qenfa T frerfa | ST <o wer gfiet S wer
] ARG o &, df §H SRl JoH el o &9 | ofd 2
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ISR 18 jlogxdx [ Fifu

T U YA o T g9 TR el o1 M e ° sreme € fSweht stashers
log x %1 BH log x Tl J&H e TH e o | i f5dia Herd od €1 TR Her

R x B

d
: logx-1) dx = log x [1dx— |[— (log x) |1 dx] dx
S J (togx-2) dx = log x [1dx— [ (log x) [1d]
1
=logx.x—J—xdx:xlogx—x+C
X

SR 19 [xe'dx T S
TA x 999 T T o i fgdid %o o ®9 H oy

TH AT I FHHAT = ef

Tgfeg jxexdxzxex—jl.exdx =xe'—e* + C

X sin lx

IETETT 20 j\/—d X | FiT)

T 9 AT JoH Her = sin ﬁ?f@ﬂﬁﬂw:\/fc—z

1.088 mm -
319 &1 g el 1 qaehor 310 S § 3refq X g

I
t =1-x Eu
qd dt =—2x dx
X dx

Fafere J\/l—x ———f— = —r=—+1-
3d: jxsm x dx =sin~ x(— 1- ) J. ,_(—ﬁ)dx

—VJI-x*sin"'x+x+C = x—1-x?sin"x+C

ferereua: sin'x = 0 Wiaeefua e W iR q9 Te: T H1 STAN Hd 8Y

ot 59 GHRe 1 g TR S Gl B
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ISTEITT 21 je"sinxdx A FIfT)
TA ¢ Rl YYH HAT TH sin x ! fgdg ®ed o 9 H ifSU] d9 TS3: AR 9
9 UM ¢ fR

1= jex sinxdx:e"(—cosx)+jexcosxdx

=—e"cos x + I, (WH ifSQ) (D)
1,5 " T cosx hl HHN: VoM TS f5fid we MG g B UM € R

Ilz e’ sinfo'exsinxdx
1,1 99 (1) H W& | &9 T ¢ R

I= —e" cos x+e'sin x —I37YaT 21 = ¢* (sin x — COS X)

X

3d: 1= Je" sinxdxz%(sinx—cosx)JrC

fosheud: sin x H Yo HeH TF o 1 fgdia wed o W ot STdad e i
EIRRER IS e

7.6.1 J'e" [ f&)+ f (x)]dx & Uk T WHIHTT
= 7@ & fp I= [ [ F00+ F@]dx = [ f @ dr+[ef ') dx
= L+ [e"f (x) dx, ST L= e f (x) dx ()
LH f(x) Tol e* %1 HAT0: 9H TF gl e oid 8T T @esl: Hahe ghl &4
L =f () e~ [ £7) e'dx+C
1, %1 (1) § gferenfud &3 W &9 90 T

[= e /@ -[f@edc+[e /' M) dx+C = e f(x) +C

am: [e (£ + f/(x))dx = " f(x)+C
JETET0T 22 Hd hifsg

. e 1 (P +De”

1 Je (tan x+1+x2 )dx (i) '[W dx
&

N e 1

= d
() el 1=[e"(tan ) d
3 £ (%) = tan'x, ST, 96 f(x) = 2
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a1a: T gan wHshed o [f(x) +f(x)] % ®9 H B

T I= _[ex (tan” 'x + 1+1x2 )dx =e¢* tan 'x + C
. (x? 1)e —1+1+1)

M St = d
@) J eyl (x T 0 E

2
=J'ex[x71+ 2 1 :je“‘[x—_1+ 2 | dx

x+1)>  (x+1)? x+1 (x+1)?

x—1 v 2
A ol 6 f () =" T =

a1a: T g3 wamed o [f(x) +£/(x)] % ®9 | B

x* +1 o d x—1

ERSIIG L dx = e +C
J(x+1)2 x+1
| woTareh 7.6 |
1 ¥ 22 T oF U9l o ol ol AR i
1. xsinx 2. xsin3x 3. x2ef 4. xlogx
5. xlog2x 6. x*log x 7. xsin'x 8. xtan' x
9. xcos!'x 10. (sin"'x)? 11. s x 12. x sec’x
V1—x?
13. tan™'x 14. x (log x)? 15. (2 +1)logx
) xe o 1+sin x
16. e (sinx + cosx) 17. (1+x)2 18. 1+ cos x
b e(Ld) kDL,
9. 2 0. x—1) . e¥sinx
22 sin_l( & j
’ 1+ x°
T 23 TE 24 H W IW H TIF i
23, [Xet dx TR E:
A 1 x3 C B lexz_i_c
(A) ge + (B) 3
C le"3+C D ! < 4C
© > (D) 26
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24. _[ex sec x (1+ tan x) dx SR 2:

(A) e*cosx+C (B) e*secx+C
(C) esinx+C (D) e“tanx +C

7.6.2 S 3T Yok & gurRT (Integrals of some more types)

TET B9 WEI: THIHEH (afe T T 5w faftre YR o e qamehet w1 ==
| 59

@) j\/xz—az dx (i) j\/x2+a2 dx (iii) j a*—x* dx

@) ma‘\ﬁqﬁl:j P —a® dx
ww1ﬁmwnﬂﬁ§qaﬁ?mzwm%ﬂqﬁ%

I= xvJx*—a —j x dx
X2 —

:xm—j ,—dx—XVX jx —a +a”

x\/xz—a2 —I\/xz —a® dx-a®

dx

J- dx
Vx? —a?

xVxt-d* —I—azj

e 2= x/x*—a’-a°

2 2
X —a

dx
J /X2 _ g2
SR I= J‘\Ixz—a2 dx=§\/x2—a2—élog‘x+\/x2—a2

T YR T I GGG § SR Wed 1 ! g W Wl Td @eul:
TR faf g ew aid ®

2
(i) j\/x2+a2dx=%x\]x2+a2+a?log
2
(iii) j az—xzdx=%x\/a2—x2 +%sin_lf+c
a

foesheud: wHMREA (i), (i) TF (i) § FHU: x = a sech, x = a tand I
X = a sin®, IETTT W W =F TERREH! w1 91 R ST 9l 2

+C

x+vVx*+a® |[+C

2022-23



346 wfora
ISTETUT 23 J‘w/x2+2x+5 dx F@ i)
T = e fw J‘w/x2+2x+5 dx=J.«/(x+1)2+4 dx

3« x+1=yT@H W dx=dy, 7@
J\/x2+2x+5 dx = J«/y2+22 dy

1 2 4
= +4+—1lo
2)’ y > g

= %(x+l) Vx® +2x+5+21log

yHyy +4 ‘+C [7.6.2 (ii)3 STaRT 9]

x+1+vVx2 +2x+5 ‘+C

FEET0T 24 |[V3-2x—x* dx F@ HIfSU
[V

T N AR ﬁj 3-2x—x° dx=J‘\/4—(x+1)2 dx
SiC x+1=yT@ W dx=dy
WIRR  [3-2x-x dx = [J4- ) dy

1 4
= 4=yt 4 sin 1%+C [7.6.2 (iii)e SwaiT 9]

- %(x+1)\/3—2x—x2 +2$in_1(x7+1j+c

| vt 7.7 |
1 99 Tk o Yl oh HoHl ol THIRC ohifold|
L 2. \1-4x7 3. X +4x+6
4o xP+4x+1 5. Jl1-4x—-x* 6. \/m
2
7. 1+3x-x* 8. V¥’ +3x 9. 1+%
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YT 10 TF 11 H &l ST h1 TI9 i)

10. I\/l+x2 dx TR 7

3

2 =
(A) §\/1+x2+%10g(x+\/1+x2)+C B) S(+x)2+C
3 2
©) %x(l+x2)2+C (D) %\/1+x2+%leog x+l+22 [+C

11. I\/x2—8x+7dx3ﬂ'[5l'{%
(A) %(x—4)\/x2—8x+7+910g x—4+\/x2—8x+7‘+C

(B) %(x+4)\/x2—8x+7+910g x+4+\/x2—8x+7‘+C
(©) %(x—4)\/x2—8x+7—3\/§10g x—4+\/x2—8x+7‘+C
(D) %(x—4)\/x2—8x+7—%10g x—4+\/x2—8x+7‘+C

7.7 Tafvoa @uteRe™ (Definite Integral)

et aftesel o end etfiiea gamherl o aR o e1eer e @ o oo fafire e
& el Gfed AT Taher %1 90 w6 H F9 i w® w=t w2
Tf=st | &9 fhdt wem o fafyaa gamres &1 steqaa w1 fafyaa aamees &1 @

HAfgdta o= B 81 T Tiv=a Saeher jjf(x)dx,@ﬁﬁgmméﬁﬁ

b, GHIREA 1 S0 GIH U1 o, R 1 = A seardt 81 Fivea gameher
9f= =, o1 A R W e w9 W S S g A¥El AfS S [a, b] H THR B
yfdsreherst F € df fFfvea g &1 A offam fogefi W Foh AMl & ofax ereffq
F(b) — F(a) & a0 BId1 8, & &9 § w1 S0 2| Fifved guehed o 39 91 ®i
I B -7 == w4

7.7.1 TR ® G @ ®Y 9 [iyed QUThcT (Definite integral as the limit
of a sum)

M ST fF T &€ SFaA [a, b] W Th Gad ®ed £ IRWIE g1 7 s fw
Fer & Feft O RO ¥ AT We &1 oo x-378 ¥ SR Th IF 2
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TH y=f(x), x=a,x=bTd x-31 ¥ R & &1 e=wa & ffvea gowe
j:f(x)dxélwWﬁmaﬁ&ﬁq,ww,x-aa@ﬁﬁﬁx:am

x=beh o9 R &% PRSQP &l ofifq (3merfa 7.2 <f@w) |
HAaUA  [a, b] EDl [x, x,1, [xl, X,] s [x. ,xl .. [x _,.x] ¥ fafde n e

Il H faufea wifsa \_ﬂﬁxoza,x1=a+h,x2=a+2h,...,xr=a+rhﬁ941

b—a

X, =b=a+nh3A¥AM n= 2 JST I n > o dl h— 0

afeq &5 PRSQP, n SU& 1 a1 8 &l Jeieh Sua susiauat [x_,x ], r=1,
2,3, ...,n T GRwE 2

R 7.2 9 &9 UM ® 6
3T (ABLC) &1 &% el < &3 (ABDCA) 1 &% d < 3Td (ABDM) &1 &% ... (1)

S

T A x —x_ —> 0 AU 7 —> 0, W FHHIT (1) | <MY T A ashet
Toh SO o @ WA € S B o1 gH Trefetad dmhel w1 i e €

n—1
s =h[fx) + ... +fie, )= f(x) e
r=0
R = RIf )+ f )+ [ )]=hY f(x,) .. (3

TeT s T S U [x_,x|r=1,2,3,...,n, R T HEN: T o€ v 3=
TGl & el o A i ffdw wRa €1 srfEe (1) % wed ¥ fHd wes 3w
SN [x xr]a?fﬂ'q%'qtl'lﬁ%ﬁ

s < & PRSQP I &5%dl < S C)

1°
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IR 1 —> o0, A TR THIT T FawTol BN = W 7 SR Tw WA foram S ©
& (2) 3R (3) o Hifqd 99 & G6E 2 qun s9atTs Hifid 5e & 9% o e
i ahe 2
rorfass o | &9 39 fefafEd geR fored

limS, = lim s, = &% PRSQP 1 &9%d = j:f(x)dx (5

n—eo n—eo

Y U8 Udl ordl ¢ foh 1 &% g o 9 o STdl Us g% o S &
Tl ok wiel o TRl ehe o HifHa A ot €1 gleen o Ty B9 ok Susiaue
% o1 fHTR W g 1 SAE ok SR SUE 916 STl i <l 3T: 79 (5) I AR
frfafad w9 o fored 21

J.jf(x)dx = }lin(l)h[f(a)+f(a+h)+...+f(a+(n—l)h]

A I:f(x)dx = (b—a)ii_l)g%[f(aﬂf(a+h)+...+f(a+(n—1)h] ... (6)

. b—a

STl h= S0TR’ n—o o

n

ST SR (6) AR H WA % w9 A fAfvEa G w1 IREl wEdn 2

fewuit fodt fafere e | U od o [ited THsad &1 99 $od T8 3iaa
W At FXA1 ¥ T THIRCH o 39 W W &l EH =51 70 WA = i el
FH & faT &W 21 A x F TIF W Ead 9 H ¢ AU ¢ 9 M fme S 2

q 9 g Iabf(x)dxéﬁ@mmWW J-bf(z)dz eﬁ%ﬂj:f(u)du
foraa €1 era: ffvea TamEer o fau gueher =R Th 9% =X HEdr B

ISTETUT 25 Waﬁﬁm%mﬁjju%l)dxaﬂmaﬁﬁml
ol QR o $TIER
be(x)dx =(b-a) liml[f(a)+f(a+h)+...+f(a+(n—l)h]
a n—o n

o b-a
EH h=

n

FWI|EWH a=0,b=2,f(X)=x>+1, h= =
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Z(n hy

[ dr = 2 im0+ SO+ SOt fEED)

n—soco 2

2 2 2
211m—[1+(2—+1)+(4 +1)+... [MHJ]
n

242
_211m—[(1+1+ +1)+—(2 +4% +..+(2n-2)%]

n—eo
n 9g

1 22 2 2 2
=2lim—[n+— (1 +2°+..+(n-1)7]
n

n—e pn

4 n-DHn2n- 1)]

= 211m— +—
n—se n[ n? 6
— 2 lim L 222D @Gr-D,
n—e n 3 n
4
=2 lim [1+ (1——) (2——)] e D [1+
n—o 3

IETETUT 26 AN KT W F €T H joe“‘dx %1 OF F1G B
ol R o STER

| 2 4 2n-2
J. e dx = (2-0)1im—|e’+e"+e" +..4e "

n—e

2
TUIRR it o 5 WSl o ANTHE o G 1 STAN Hd L & a=1, r=e" W UN
g f

2n

2
[Ce de= 20im [0 = 20im - £
n—e p n— pn ol
e”—l e"-1
2 -1 ("1
B N
fim | 5|2
n
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[ woaerett 7.8 |
AT Y o oh w9 ° frefafea e g =1 3 9@ wifsm
1. j:xdx 2, j;(x+1)dx 3 j;xzdx
4. j14(x2—X)dx 5. J-jlexdx 6. j:(x+e2x)dx

7.8 Te @t 3NURYA WHA (Fundamental Theorem of Calculus)

7.8.1 éﬁaﬂv_c'f %I (Area function)
Y

T J:f(X) dx 1 FH y = f(x), x-3&, @ N V=S
HIfeA x=adM x=b T R & & &GTFdA &
wq § uftifid foran 19 ST [a, b] § x 1 6

fig 2 q@ [ 7 (x) dx Ff 7.3 5 Tt BrifeRd

&9 F ST HI FEd w T (TR 98 oH <%
ferm T 2 % xe [a,0] & AT f0)>0%1 _
ﬁwﬁf&ammw:mwﬁémﬁﬁx‘oﬂ x X
W%é@@ﬂﬁ%%ﬂﬁéﬂ%xé?%ﬂ Y smhirs

AR 2

TR VIl W 39 Difehd &5 1 &kl x T Teh Hel g1 8H x o 39 Held hl A(x)
¥ fifde w1 €1 39 B A(x) FT H A e HEd © 3R 98 88 frEfated g
Y g B 2

A(x) = Iaxf(x)dx (1)

T YR T SR < SR T9F €1 927 €5 el W hael $h! SAreAn Sl
Hifeh T SUITT T TSAYEH HI GHT % R B

7.8.2 WA 1 WHIFHT TOTT &t TIT ST YT 99T (First fundamental theorem
of integral calculus)

M AT o o8 SFaUel [a, b] W £ Th Had B € 3 A (x) 8% %o 21 a9
qft x € [a, b] F TATA(x) = f (x)

7.8.3 AT TOTT i Tgata Tawygd 99T (Second fundamental theorem of
integral calculus)

&0 e Tk U8 Heequl §EE R oA S € et gemdr 9 g6 ufdstaskhars
ST d B e THeherl s WH F[ S g
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Tfora

THE 2 HA i o 5% e [a, b] W f Tk Ead ®er @ AR £ 1 gidsterehers

b
F21 7 [ f(x)de=[F(x)])=F () -F@)
fewuit

1.

2.

(@)

(i)

@

ﬂ@’fﬁ‘%ﬂqﬂazﬁwwmwﬁ%ﬁj:ﬂx)dx:(ﬁaqﬁmw
F &1 S=a §M| ph W 7F) — (36 9fd s&eherst 1 = 4 1 ¢ T/ 7F)1

TE YU IS ST € s Te TH AN 1 HiH T ey fon fafvea
G 1 T L i @ oy 9eH Lt 2

e FIf=a garehed 91 & § Sifee SR T U0 Tl &1 U i © ToeR
SRS G T WHRCT ¢l I8 STadhe 3R HHRH & dd HaY i 31

ST Yl B
j:f(x)dxff, [a, b] T &&H f 1 UG T Tad el SAavash €1 SEeivn:

1
= wameRer jix(xz—l)idx 1 == T gifaqersh @ e o9 sfaa
1
[£2,3] % 9 — 1 <x<1 @ faAU f(x) = x(x* 1) g0 e ®or f

TRt & 2 J.:f(x) dx Td & ok =01 (Steps for calculating '[: f(x)dx)

SR wHeR [ f(x) dx S BT WE AR T F(x) 81 HEhT SR
C I ©F &I STegashdl T8l © Hifeh afe 89 F(x) & M WEF(x) + C W fo=r
FE A Ud ® e

jb £ (x) dx =[F (x)+C]” =[F(b) + C] - [F(a) + C] = F(b) - F(a)

70 YR fAfeed Tahe %1 99 9 9 ° W 3R faqw @ S ?)
[F ()], = F(b) - F(a) 910 FfST, S fow j:’f(x) dx 1 T R

379 &9 P IIEN W fFER FW T
Sareur 28 Fefafed gaeRer @1 7 Fd wifsa)
3 9 \/_ d
J.zxzdx (i) L xé dx (i) If—( +;c)(x+2)
(30— x2)? AU

(iv)

TC
I04 sin® 27 cos2 ¢ dt
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() WM oS I=j;x2 dx & | it sz dx=%3=F(x)
ZHfery fgdta snemRyd 799 9 &9 € &%

I=F(3)—F(2)=2—37—§=?
(i) =M e fw I=_[49L3dx g 7Y TR S HdsTeherst Tid i ¢ |
(30— x2)?

3
2 2
30— x2 =tT@ﬁtR—%x/x dx =dr e N x a’x=—§dt

Jx 2¢dr 2[1] 2 1 |~
E'H‘EIT:FR J—dez—g-[t—2=3 P =§ é —F(.X)
(30 — x2)* (30 — x2)
AT e a1 f5dla Snumd 799 9 89 U €

9

I=F©O)-Fd)==—— | _2[ 1 1 _E[E_L}ZQ
N 30_x2)|  3LG0-27) 30-8]73[3 22] 99
4
(ii) msﬁ&lm:jf—“jx
(x+D(x+2)
if¥reh =1 1 ST a8 B9 W € T

X v 4 v 2
x+D)(x+2) x+1 x+2

X dx

J-(x+1) (x+2)

3Fd: Her 1 fgda smemeyd vig @ 79 @ € %
I=F(2)-F(1)=[-log3 + 2 logd] — [- log2 + 2 log3]

=—log| x+1|+210g| x+2|=F(X)

32
=—-31log3 +log2 + 2 log4 = log >
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T
(v) 9= <l EQ,I:J‘04sin32tc032tdt.33IEr ISithcosthtWﬁEﬂ'(ﬂﬁﬁE
) 1
sin 2t = u T W 2 cos 2t dt = du 1% cos 2t dt = 5 du
1
.3 _1rs
d: Jsm ZtCOStht—zju du

%[ ]=§sm 2t =F (¢) 9 &iifeig
AT Fed H fgdE SuRsa v 9

T 1 .4 . 4
I=F(—)-F0)=—[sin"——sin" 0] =—
(4) 0) 8[ 5 ]

| woamaett 7.9 |
1 920 9% o Y91 | fafy=a gqmesedl 1 99 A9 Sife|
2
1. jll(x+1)dx 2. jjldx 3.0 [C@x 52 +6x+9) ax
- X
T E 5 L
4. J:sin 2x dx 5. Jozcostdx 6. Lexdx 7. I;‘tanxdx
3 dx 1 dx 3 dx
8. | *cosec xdx 9. 11.
Jg Iom Iolﬂz Isz—l
I 3 xdx 12x+3 -
12. Izcos xdx  13. J.2x2+1 14. J‘05x2+ldx 15. J.Oxe dx
> 5x¢ : 2 3
16. —  17. | *(2sec’x+x" +2)dx
'[1 x> +4x+3 '[0
To.2X 2 X 26x+3
18. sin” — —cos” —) dx 19.
5. [, 2 Y on+4

20. jol(x ¢ +sin %) dx
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99 21 UE 22 H &l IW H TG99 HifeC

21. jﬁ dxzaw%:
I 1+x
o E 5 28 o o
()3 ()3 ()6 ()12
zabc
3 )

2. |, o T
N B) ~ 0 = D) X
()6 ()12 ()24 ()4

7.9 ufaeamaT grT Tfyem wneRert st W9 @@ e (Evaluation of Definite
Integrals by Substitution)

el ofessl | o fAfyed SHehed Wd s Wt oM fafudi w1 ==l #Y R
ARTEd Fuehed T F H Heagol fafua § ww fafa gfagems faf 2

uﬁwmﬁfa@j:f(x)dx,mmmWé?mwwﬁHﬁF@a%:

1. GueheH o aR H Hmel o fa feem Sty 3R y = £(x) SUEn x = g(y)
giceentya wifsre difeh fEan g3t I U 9 €9 § gRafda & s

2. U TR i ARl fhU fa1 U THhed &1 ¢ WX °oF WU THhA
EAIELY

3. 9T WX % T W A Jeid R SR S Rl 9 W % w9 § fafem)

4, =ROT (3) W W ST HT GHERSH HT < gg Gt W aH 1 Hifee iR Se
o a1l A § T @ 9l 99 1 Sfd A S it

| feontt | gu fafa =i dige oM & fo en fFrefofed v em og g )
=X (1) TS (2) & H o o8 =W (3) B HH 1 AEFhal T8l gl &l
YU i T =X oF ®9 H @1 Sl 2 AR FHIeRer 1 Saetl s 9 = o SER
qiEfdd X od ® i &9 Ee Afaq =wo w1 TR S weh|
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T 3U BH SN U TH €

IETETUT 29 J-j15x4\/x5 +1dx 1 99 91 HIf

TA =2+ 1, W@ W dr = 5x* dx

Tafe 5" x5+1dx=_[\/;dt=§t;=%(x5+l);
3d: J-15x4 x° +1dx =g_(xs+l);}1
. 3| .
_2 _(15 +1)% ~(1° +1);]
3_
=§ 23—031 =§(2\/§)=¥

foreTa: GaY9Y €9 T H B0 FW § SR 6 SUiaia GEemer &1 T
el & U’ 9 1 i B
I RGN t=x+1.99 dr =5 x* dx e Hifew fw

SEl x=—1@r=03AR 5 x=1dr=2
3d: S-S x, — 1 9 | 9% gRafdd giar @ 99-a9 ¢, 0 ¥ 2 a% uRafdd =i 21
o J-j15x4 x5+1dx=J.02\/;dt
2
2130225 ol 2, 5 42
=3{t ]0_3{2 0 ZE(ZJZ_)_T
mso]ltan_lzxdxaﬂmaﬁﬁﬁm

0 1+x

1 L4
Tl WM SfSIT £ = tan ~'x, T9 dt:l+x2 dx <9 x:O?ﬁt:O@ﬁ'{szl?ﬁt=Z

m:ﬁﬁ—éﬁx,oﬁlwﬁaﬁﬁm%aﬁ—é@aoﬁ%wvﬁaﬁﬁ%ﬁm%

I tan”' x % it 1| n? n
Ty Joem J; {2}0 2{16 32
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[wemaett 7.10]
1 9 8 T o UYl HHEhCH! 1 HM JRIEATTT 1 YA Hd gL A1G FifsT)

1. I;x2x+ldx 2 [2 Jsmq)cos 0do 3. [ sin ‘( jdx

2
4. [ xlx+2dx (x4 2 = pfam) 5. jo 1:””
cos” x
2 dx 1 dx 2(1 1 2
6. 7. - 8. ——— |e"dx
J‘0x+4—xz J‘*1x2+2x+5 J“(x 2x2j

Y9 9 T 10 H W&l ST 1 FI hifu)

1
1 (x— X)3

)C

91:11%—@?] dx 1 TH

3
(A) 6 B) 0 <G 3 (D) 4

10. 4R fx) = J';tsintdt,aa (%) &
(A) cosx+xsinx (B) xsinx (C) x cosx (D) sinx+ xcosx

7.10 THf¥ora AHTERel o E® TUTe (Some Properties of Definite Integrals)
e TamERerl & $® Heeyqul TorHE! w79 e geeg e &1 3 o o ffvea
GRSl 1 T STEET | 1 6§ START B

P,: j:f(x)dx=j:f(t) dt

P [ fode=—["f(x)dx fafermmn [ fx)dr=0

P, : j:f(x)dx=j:f(x)dx+jc"f(x)dx, 4, b, ¢ TEF Tt )
b b

P,: jaf(x)dx=jaf(a+b—x)dx

P, : J.:f(x)dxzj.oaf(a—x)dx (e DT 6 P, P, %1 Tk fofime feorf @)
2a a a

P, : jo f(x)dx=j0f(x)dx+j0f(2a—x)dx
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P: [ feodx=2]"f(vdx, 7R f2a—x) = £(x)
=0,3R fQa-x)=-f(x)
P: 3 jfaf(x)dx=2j:f(x)dx,aﬁf T T FeH § S AR £(—x) =f(x)

7

(ii) jfaf(x)dx=0,aﬁ;f w famg wer © @l Al f(x) = f ()

Teh-Teh h{ch &9 T TUEl 1 SqU e 2l
P, St UM x = ¢ FTweT F W HE W Bl
P, ot SUUf T ST & £ 1 wfasteekerst F 81 99 %o i {5 serea

YO Y B U © T I:f(x)dsz(b)—F(a)=—[F(a)—F(b)]=—j:f(x)dx,

Tl & W F € B AR a=bww [ f(X)dx=0
P, SUufy HM e % f 1 Sfaeraa F 8, @@

I:f(x) dx = F(b) - F(a) (D)
[*reax =) - F@ o)
&R [7£Codr = F) - Feo . 3)

(2) 3R (3) I et WA I © fH

[ redee [ fonds =F) - Fa) = | (o) dr

T8 T P, fag B 2
Psil'ﬂ'S'WF?l' A i T r=a+ b —x. T dt = — dx. 5d xzaﬁﬁl,t:b?"ﬁ'{
S x = b a4 t = . AT

j:f(x) dx = =" fla+b-1)di
- j:f(a+b—t)dt P, )

= ["r@+b-xax @, B)

P4E'T UG = a — x @ AR Pzaﬁ WE M dfeql 19 dr = — dx,
Sdx=a,t=0
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P, IUUfA P, 1 STANT 3 gC W N § R

[ 1000 = [T r0g des [ 1 (x) ox

T@ U oh S G W 1 = 2q — x Wiaenfyd HINT, 96 di = — dx 3R e
xza,ﬁ'@[tzaﬁ'{ﬁlax:Za, T‘I’@[t:OS:ﬁTx:Za—t“ﬂW%ﬁT%I
EH?QWW

j;“f(x) dx = _j:f(za—t) di

- j:f(za—t)dt - j:f(za—x)dx W BT 2

o j;“f(x) de = [ fyde+ [ fa-x)de

P, SUUT P, 1 ST ¥ T &9 I ¢ b
'[OZaf(X) dx = j:f(x) dx+_[0af(2a—x)dx (D

e A fQa—x) =f),q (1) Fefafad w9 4 9iefda & s e
[ FOyde = [ reave ] F@ds=2f ! f) v

3R A fQa—x)=—f(x),d@ (1) fr=fafad 9§ wfafdd g sm €
joz“f(x) de= [ I r@dx=[ fx)de=0

P, sl Suufd

P, 1 T A g W E [ fdr = [ fder] ) fode

TR U& o YUH UG H £ = — x W ™
di=—dx ¥ x=—qdd t=q 3R T8 x=0,7d9 =0 3R x=—¢ f I ST B

a 0 a
s [ fede= [ S dv[ 100 dx

= j:f(_x)dx+j:f(x)dx (P, B) (D)
() 9 A f TH 99 ®ed 2 a9 f(—x) =F(x) a@ (1) § 9 & 2

jfaf(x)dx=j:f(x)dx+j:f(x)dx= 2j:f(x)dx
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w0
i) % f oo Fe & W@ f)=-f@) @ (1) F I R
[° reodx==[ fde+ [ fde=0
sarerr 31 [0 —x |dx w1 9 T Fifo

T T @ ® R [—1,0] W P —x>03R[0, 1] R —x <03 [1,2] W P-x>0
a9 en fo@ wwd B fo
Iz ‘ X —x‘dx = Ij()ﬁ —X) a’x+J-;—(x3 —X) a’x+J-12(x3 —x)dx (Pzﬁ)

-1

= Ij()ﬁ —x)a’x+J-;(x—x3)a’x+J.12(x3 —x)dx

LR 0 2 1 e 2
Y R ] P R P
—| 4 2 » 2 4 0 4 21

1 1 1 1 1 1 3 3 11
=t —h——— 2=t — = -+ 2=—
422 4 42 2 4 4
FETETOT 32 [ 4 sin’ xdx H A @ FH)
v
Tl B9 U A T R sin? x T% TH HoH R
ESSIGIY J.; sin® x dx = 2Jlozsin2xdx [P, (9]

IS

T
_ X1 =cos 2x) (3
= 2j04de = jo (1-cos 2x)dx

K
= [x—lsin ZX} =
2 0
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xsinx

ISTETUT 33 j—zd 1 A 1A S
01+cos” x
n xsinx (m—x)sin (T—x) dx
qH wifey f& = P9
& J‘01+cos X '[ 1+cos*(m—x) (P, %)
_J- (m— x)smxdxznj-n smxc;’x _1
1+ cos’ x 01+cos™x
- ZI—anSinXdX
~ " Jo 14 cos? x
— __J‘n sin x dx
0 1+cos’x
cos x = tT@H W — sin x dx = dt
S x=07d t=13R & x=ndd¢=— | ¢ THAY &9 UM ¢ T
—-T -l dt Tl dt
=— =— P 9
2 1 1+ ZJ‘*11+t2 ¥
1 dt ) 1
BRRETYE 1+ ®,%)

1! -1 -1 T n’
n[tan t]0=1t[tan 1—tan O]=1t 270 =7
1
3TELUT 34 J:l sin’ x cos* x dx &1 HF F1d HifSU

1
T AM oifee e 1= J‘Alsinsxcos“xdx #R f(x) = sin® x cos* x

T f(—x) = sin’ (= x) cos* (— x) = — sin® x cos* x = — f (x), 31Aq_f Teh foum He
 zafeT 1= 0[P, (i) 9]

Sln4 X

mssj — dx 1 AH [ Y

0 gin* x+cos* x
T

. 4
7o WA it 1= | E L (D)

0 sin* x +cos”* x
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n sin? (E—x)
qad I= J-z 2 dx (P j\}l)
0 . 4 T 4, T 4
sin (E—x)+cos (E_X)

z 4
_Jz cos” x

W " (2)
0 cos” x+sin” x
(1) 3R (2) 1 et WA T ¢ %
_ J-g sin* x+ cos* x i J- dx—[x] T
sin* x + cos”* x )
n

3d: I=
4

K

dx
IEUT 36 FT HF TG RIS
J” 1++/tan x

TC
cos x dx

A ooy fom 1= =4 . (1
o J 1+\/tanx J- \/cosx+\/sinx M
L3 cos[§+2—x)dx
=], (P, %)
s T T . (m T
6 fcos| —+——x |+, [sin| —+——Xx
L)
J- Jsinx _ Vsinx o

Sin x +~/cos x

(1) sl (2) i St @ wH W F o= [ Jdv=[]] =22 =2
T o E
12

3d: I=
n
3ETEAT 37 J.Ozlogsinxdx 1 HH T RIS
L
Tl WA oAt R Iz'[ozlogsinxdx

T T

U e b e B
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I, % S AE 6 Sied W EH U ©

2l = J‘Oa(log sinx +logcos x) dx
K

T
= j02 log sin 2x dx—j02 log2dx  (F7)

oA

(log sinx cos x+log2—1log2) dx (log2 e Td T W)

. T
TUH FHREH H 2x = W@ W 2dx=dr S x =07l +=0 3 & x=5?ﬁr=n
1l¢ex ) o
ESSIGIY 21=5J010gsmtdt—510g2
—EJEIO sint dt — = log2 q iR si = si
=5Jy g 5 g2 [P, sin (T — ¢) = sin 1)
= jflogsinxdx—glogZ (R 1 x ¥ IRafdd sE W)
T
=I—-—log?2
> g

37 jflog sinxdx = _TTClogZ

[woamae®t 7.11]

Ff=q TAeRerl o TUTHHT T SUART I BC 1 H 19 Tk o I9 | AR 1 AH
A hIfST)

3

T . A
o /sin x B sin? x dx
1. J-zcos x dx 2. J T ——d 3 .[o 3 3
sinx ++/cosx 5 =

sin? x+cos? x

Z cos’ xdx 5 8
4. jozm 5. [ x+2lax 6. 1] x-5]dx
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I z 2
7. [ x=x)"dx 8. [Hog(+tnxde 9. [ xy2-xdx
0 0 0
T ¥
10. I02(210gsinx—logsin2x)dx 11. j_znsinzxdx
2
© xdx % .7 m s
12. 722 13. |2 sin’ xdx 14. | “cos’xdx
01+sinx ;27‘ 0
> sinx—cosx T a \/;
15. P —— " dx 16. log 1+cosx)dx 17. ————F——dx
IO 1+ sin x cos x J-O el ) IOJ;+ a—x

18, [ |e-1ax

19. = fF [ F0gde=2["f(x)dv, aR f R ¢ H f) =f(a—x) T
g(x)+g(a—x):4é€wﬁwﬁquaquw%|
99 20 TH 21 | HE IW HT =TIF Hiferal

7[
20. jfn(x3+xcosx+tan5x+l) dx 1 T B
2

(A) 0 (B) 2 (O (D) 1
21. leogLLmjdx 1 UH B:
0 4+3cosx
3
(A) 2 (B) 1 © 0 (D) -2
farfaer 3qrgvor

ISTEIUT 38 Icos 6x +/1+sin 6x dx Fd HifsT)
TA t=1 + sin 6x, T W df = 6 cos 6x dx

1
g Icos 6x4/1+sin 6x dx = %J-tzdt

1 2 2 1 2
=—X—(1)2+C=—(1+sin 6x)2 +C
6 3 9
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1

Ay
m”j(x Sx) dx T S
X

1L

1
1 -1
T H W & © TR J‘(X4—X)4 a'xzj( x3) W
X’ 4
1 -3 3
- l-—=1-x"’=¢,WH W—dx=dt
X X
()c4—x)Z _ 172
ey [ —gjt“ dt
5 5
:—X—[4+C=i(1_i3j4+c
15 X
_[ x* dx
56&'5{'“ 40 (_x—l) (_x2+1) a‘maﬁ'ﬁﬁql
g T AT S
T TH UW & © [ G-DZ+D) R —
—(x+1)+;
ERRTETre (0
1 A Bx+C ) .
- (x—l)(x2+1)_(x—1)+(x2+1) % w0 s B E ()
FICT I=AXP+1)+Bx+C)(x-1)

=(A+B)x*+(C-B)x+A-C
T geil o TR ! gl i W EH U € fh A+B=0,C-B =03
A-C:l,ﬁm@fwﬁm%ﬁA:%,B:C:_%

A.BTE C A (2) § yfgeenfyd &4 ™ 9 90 2 fo

1 _ 1 _l X B 1
x=-D*+D 2(x=1) 2>+ 2x*+)) .. (3)
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(3) &I (1) § yfoeenfd & W 89 94 © 1%

x* 1 1 x 1
> =(x+D+ — >3 -
x=D((x"+x+1) 2x=1) 2 (x"+1) 2(x"+1)
4 2
j x2 dxzx—+x+llog|x—l|—llog(x2+1)—ltan‘1x+C
(x=D " +x+1) 2 2 4 2

1
d Hiferg
log x)* :| *

ISR 41 J[log (10gX)+(

1
T HHE g I—j [Iog (log x) + (Iogx)z}dx

- Ilog (logx) dx+I dx

ogx)
3TET, YT TR § 1 ol T5did o & &9 ¥ oid ¢) a9 @e3: Faehed 9 84
Id § T

1 dx
1= xlog (logx)‘Jx1ogx“lx+j(logX)2

J- dx
logx * (log x)*

— xlog (logx)— J- .. (D)

d
T jlogx,mﬁwﬁm,lﬁmwé?mﬁ‘ﬁmaﬁtwﬁw

fafy g0 gmehe HIFMT, 39 YR 89 W © R

% ’ [k’gx Ja { (log x)’ ( )}dx} - (2)

()% (1), W@ W EH 94

dx +J~ dx

I= xlog (logx)— (log)?

logx J.(log x)?

= xlog (log x) - * 4c
log x
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ISTEITT 42 J[\/cotx+ tan x]dxarcr Fife)

Tl BH UM ® T I:j[\/cotx+ tanx]dx=I\/tanx(l+cotx)dx

34 tan x = £, T W sec?x dx = 2t dt
2t dt
CRC dx = —
1+¢
LE] I= Jt(l+%)i4dt
t°) (L+t%)

A t—— =y WH W (1"'_2) dt=dy
: ()
y _t
@ 1=2 = Ltn 'L irc=2tan '~ scC
J‘y2+(\/§)2 an \/E an \/5

2_ —_—
=\/5tan‘1[tT21J+C=\/§tan_l(tanx 1j+C
t

43 J- sin 2xcos 2x dx - Ehﬁ'ﬁfl"ll

\9— cos*(2x)

e Fﬁ'ﬁrﬂlﬁ I:J-sm2x0032x i
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